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Abstract 

Corresponding to Gromoll-Meyer's Morse theory for geodesies on Riemannian 
manifolds we develop a similar theory on Finsler manifolds. To be more precise, we 
obtain the shifting theorems of the critical groups of critical points and critical orbits 
for the energy functionals of Finsler metrics on the natural Hilbert manifolds on 
which the Palais-Smale condition holds, and also prove two results on critical groups 
of iterated closed geodesies whose corresponding versions on Riemannian manifolds 
must be proved with the splitting lemma. Our approach is based on the splitting 
lemma for nonsmooth functionals that the author recently developed in [32^ l33"l IM] , 
and involves neither finite-dimensional approximations nor any Palais' results in |41j . 
As a simple application we give a generalization version on Finsler manifolds for 
Theorem 3 in [V. Bangert and W. Klingenberg, Homology generated by iterated 
closed geodesies, Topology, 22(1983), 379-388]. 
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1 Introduction and results 

Let M be a smooth manifold of dimension n. For an integer /c>2or/c = oo,a C k 
Finsler metric on M is a continuous function F : TM —> R satisfying the following 
properties: 

(i) It is C fe and positive in TM \ {0}. 

(ii) -F(x, ty) = tF(x, y) for every t > and (x, y) G TM. 

(iii) L := is fiberwise strongly convex, that is, for any (x, y) E TM \ {0} the 
symmetric bilinear form (the fiberwise Hessian operator) 



1 d 2 

g(x,y): T X M x T X M -> M, (n, «) h-> - — [L(x, y + + to)] 



=t=o 
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is positive definite. 

Because of the positive homogeneity it is easily checked that g(x, Ay) = g(x,y) for 
any (x,y) G TM \ {0} and A > 0. Euler theorem implies g(x,y)[y,y] = (F(x,y)) 2 = 
L(x,y). A smooth manifold M endowed with a C k Finsler metric is called a C k 
Finsler manifold. Note that L = F 2 is of class C 2 ~°, and of class C 2 if and only if 
it is a norm of a Riemannian metric. A Finsler metric F is said to be reversible if 
F(x, —v) = F(x, v) for all (x, v) G TM. We also say a Finsler matric to dominate 
a Riemannian metric h on M if F(x,v) > Cq^/1i x {v, v) for some Co > and all 
(x, v) G TM. (Clearly, every Finsler metric on a compact manifold dominates a 
Riemannian metric). The length of a Lipschitz continous curve 7 : [a,b] — > M with 
respect to the Finsler structure F is defined by If{i) = J a F(c(t),c(t))dt. However 
for a non-reversible F it only induces a non-symmetric distance and hence leads 
to the notions of forward and backward compete (and geodesically complete). A 
differentiable 7 = 7(i) is said to have constant speed if F^^t), 7(i)) is constant 
along 7. According to Proposition 5.1.1 on the page 115 of [3] or [33], a regular 
piecewise C k curve 7 : [a, b] — > M is called a F-geodesic if for any piecewise C k 
variations of it that keep its end-points fixed, 77 : (— e, e) x [a, b] — > M (with H (0, •) = 
7), it holds that ^If(H(s, -))|s=o = 0. When k > 4, in terms of Chern connection 
D a constant speed geodesic is characterized by the condition = 0, where is 
the covariant derivative along 7 with respect to D. 

Let (M, F) be a n-dimensional C k Finsler manifold with a complete Riemannian 
metric h, and let N C M x M be a smooth submanifold. Denote by / = [0, 1] the 
unit interval, and by W l,2 (I, M) the space of absolutely continuous curves 7 : / — > M 
such that ^(^(t), j(t))dt < 00, where (u, v) = h x (u,v) for u, v £ T X M. Then 
W^I.Af) C C°(I,M). Set 

Ajv(M) := {7 e T / F 1,2 (I, M) I (7(0), 7(1)) e A}. 

It is a Riemannian-Hilbert submanifold of W 1,2 {I, M) of codimension codim(A). If 
7 G C 2 (I, M) n A N (M) then the pull-back bundle 7*TM -> 7 is a C 1 vector bundle. 
Let W]j 2 ("i*TM) be the set of absolutely continuous sections £ : 7 — >■ 7*TA7 such 
that 

(£(0),£(1)) er (7(0))7(1)) A and / <V#(t),V^(t))dt<oo. 

7 

Here V 7 is the covariant derivative along 7 with respect to the Levi-Civita connection 

1 2 

of the metric h. Then T 7 Aat(M) = Wjy (7TM) is equipped with the scalar product 

<e,»7>i = [\m,v(t))dt+ [\v^(t)^(t))dt. (1.1) 
7o 7o 

For a general 7 G Aat(M) \ C 2 (7, M), note that 7TM — >■ 7 is only a bundle of class 
77 1 , that is, it admits a system of local trivializations whose transition maps are of 
class VF 1 ' 2 . Fortunately, since VF 1,2 (7, K ) is a Banach algebra, one can still define 
VF 1,2 -section of 7*TM, and the set W 1,2 (^*TM) of such sections is also a well-defined 
Hilbert space with the inner product given by (II. ip (using the 7 2 covariant derivative 
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along 7 associated to the Levi-Civita connection of the metric h). Hence we have 
also T 7 A7v(M) = W^tfTM) in this case. For a detailed argument of these, see 
Appendix C of [37]. Consider the energy functional on (M,F), 

C: A N (M)^R, 7^ / L( 7 (t)^(t))dt = / [F( 7 (t), 7 (t))] 2 dt. (1.2) 

Jo Jo 

Proposition 1.1 (i) The functional C is C 2 ~ , i.e. C is C 1 and its differential dC 
is locally Lipschitz. 

(ii) A curve 7 G Ajv(M) is a constant (non-zero) speed F -geodesic satisfying the 

boundary condition 

/(7(0),7(0))[« ! 7(0)]=/(7(l) ) 7(l))[« I 7(l)] V(u,«) G r (7(0))7(1)) JV 

i/ and cm/y if it is a (non constant) critical point of C 

(iii) Suppose that (M, F) is forward (resp. backward) complete and that N is a closed 
submanifold ofMxM such that the first projection (resp. the second projection) 
of N to M is compact. Then C satisfies the Palais-Smale condition on An(M). 

When M is compact and N = Am (diagonal) this proposition was proved in [38] 
by Mercuri. Kozma, Kristaly and Varga [28] proved (i), (ii) if A^ is a product of 
two submanifolds Mi and M2 in M, and (iii) if F dominates a complete Riemannian 
metric on M and N C M x M is a closed submanifold oiMxM such that P\ (N) C M 
or P2(N) C M is compact. The above version were obtained by Caponlo, Javaloyes 
and Masiello [13] recently. A curve 7 G Apj(M) is called regular if 7 7^ a.e. in 
[0, 1]. When A^ = {p, q} for some p, q G M, Caponio proved in [lOl Prop. 3. 2]: if C is 
twice differentiable at a regular curve 7 G Ajv(M) then for a.e. s G [0, 1], the function 

«eT 7(s) M^F 2 ( 7 ( s ), B ) 

is a quadratic positive definite form. This suggests that the results in [39} |2"2] cannot 
be used for the functional C in (|1.2|) . Actually, since Morse [ID] one has been applying 
the Morse theory, by his classical method of finite dimensional approximations, to 
studies of geodesies for Finsler metrics [21 [351 1121 EH- For example, the use of the 
shifting theorem of Gromoll-Meyer [24] was carried out with it in the generalization 
of a famous theorem of Gromoll-Meyer [25] to Finsler manifolds in [35]. However, 
the finite dimensional approximation of the loop space AM = A/\ M (M) by spaces 
of broken geodesies carries only a but not a 5 1 action. It is hard to apply this 
classical method to the studies of some geodesic problems. 

Notation. For a normed vector space (E, \\ ■ ||) and 5 > we write Hs(E) = {x G 
E\ \\x\\ < 6} and B^(£J) = {x G E \ \\x\\ < 5} (since the notations of some spaces 
involved are complex). For a continuous symmetric bilinear form (or the associated 
self-adjoint operator) Bona Hilbert space we write H _ (5), H°(B) and H + (B) for 
the negative definite, null and positive definite spaces of it. K always denotes an 
Abelian group without special statements. 
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In this paper we only consider the following two cases: 

• N = Mq x Mi, where Mq and M\ are two disjoint boundaryless submanifolds of 
M. In this case the boundary condition in Proposition 1 1 . 1 f ii) becomes 

f 5 F (7(0),7(0))K 7 (0)] =0 VueT 7(0) M , 

\ ^(7(l),7(l))b,7(l)]=0 WgT^Ml l ' J 

• N = A M and hence A N (M) = W 1 ' 2 (S 1 ,M), where S 1 = M/Z = [0, l]/{0, 1}. 



1.1 The case iV = M x Mi 

Suppose that 70 G An(M) is an isolated nonconstant critical point of C on Ajv(M). 
By Proposition ll.in i) 70 is a C fc -smooth nonconstant -F-geodesics with constant speed 
F(7o(t), 7o(t)) = y/c > 0. Clearly, there exists an open neighborhood of 70 in Ajy(M), 
0(70), and a compact neighborhood K of 70 (-0 in M such that each curve of 0(70) 
has an image set contained in K. Thus we shall assume M to be compact below. 
Moreover, we can require the Riemannian metric h on M to have the property that 
Mo (resp. M\) is totally geodesic near 70(0) (resp. 70(1)). Let exp denote the 
exponential map of h, and let B 2/3 (T 70 Atv(M)) = {£ G T 70 Atv(M) | < 2p} for 

p > 0. If /9 is small enough we get a coordinate chart around 70 on Ajv(Af): 

EXP 7() : B 2p (r 7o Ajv(M)) ->• AjvCM) (1.4) 

given by EXP 70 (^)(t) = exp 7Q / t )(£(t)). Then £ o EXP 7() is C 2 ~° and has an isolated 
critical point G W^^qTM). Consider the Banach manifold 

X = Clr(I, M) ={76 C\I, M) I (7(0), 7(1)) G N}. 

Then the tangent space T lQ X = C\ N (%TM) = {£ G C 1 (7o™) | (£(0), £(1)) G TA^}. 
Let „4 be the restriction of the gradient of C o EXP 7o to B2p(T 7o Ajv(Af)) n T lQ X . 
Obverse that B2p(T 7o Ajv(M)) nT 7o Af is an open neighborhood of in T lQ X and that 
A is a C^-map from a small neighborhood of G T l0 X to T l0 X by (|4T28l) and (l4TT9|) . 
Moreover, .4(0) = V£(7o)|t 7o # and 

(DA(Q)t;,ri)i = d 2 £\ x ( l0 )(a,v) Ve,r? G CjwfrSrM). 

The key is that the symmetric bilinear form d 2 £,\x('yo) can be extended into such 
a form on T 1q Am{M), also denoted by d 2 C\x{lo)- The self-adjoint operator associ- 
ated to the latter is Fredholm, and has finite dimensional negative definite and null 
spaces M~(d 2 C\x('~fo)) an d H°(cZ 2 £|;t(7o)) by (|4.29p . which are actually contained in 
Cj, n {^qTM). There exists an orthogonal decomposition 

T 10 A N (M) = H"(d 2 £|^( 70 )) H (d 2 £U( 70 )) H+{d 2 C\ x ( l0 )) (1.5) 

according to the negative, null and positive deflniteness of d 2 C\x('Jo)- It induces a 
(topological) direct sum decomposition of Banach spaces 

C^MTM) = U-(d 2 C\ x ( 7 o))+H (d 2 C\ x ( 7 o))+(il + (d 2 C\ x ( 7 o)) D C^( 7o *TM)). 
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Using the implicit function theorem we get 5 G (0, 2p] and a unique C 1 -map 
h : B 5 (H°(d 2 £U(7o))) -> H"(d 2 £|;K7o))+(H + (d 2 £|*(7o)) D C£w(7o™)) 

such that /i(0) = Oand (I-P°)A(£+h(Z)) = for any £ G B,5(H ((i 2 /:|*(7o))) = G 
H°(d 2 £U( 70 )) | ||C|| w i,2 < 5}, where P* : l^A^M) -> H*(d 2 £|*( 7 o)), * = - 0,+, 
are the orthogonal projections according to (|1.5p . Define 

£°(£)=£oEXP 70 (£ + /*(£)) =£(exp 70 (e + ^(0)) (1-6) 

for £ G B,5(H ((i 2 £|^(7o))) (shrinking 6 > if necessary) . It is C 2 and has an isolated 
critical point by K22h and (OB . Denote by C*(£,7 ;K) (resp. C*(£°,0;K)) the 
critical group of the functional C (resp. C°) at 70 (resp. 0) with coefficient group K. 
Note that 

m-( 7o ) := dimH-(d 2 £|^(7o)) and m°( 7 o) := dim H°(d 2 £\ x ( l0 )) 

do not depend on the choice of h, called Morse index and nullity of 70, respectively. 
Here is our first key result. 

Theorem 1.2 Under the above notations, there exists a C k convex quadratic growth 
Lagrangian L* : TM — > R such that: 

(i) L* < L, L*(x,v) = L(x,v) if L(x,v) > 2c/3, and if F is reversible so is L* . 

(ii) The corresponding functional C* in {1.21$ is C 2 ~°. All functional C T = (1 — 
t)C + tC*, t G [0,1], have only a critical point 70 in some neighborhood of 
70 G Ax(M), and satisfy the Palais- Smale condition. Moreover, C*(£*, 70; IK) = 

a(£, 7 o;K). 

(iii) By shrinking the above 5 > there exists an origin-preserving homeomorphism 
tp from B,5(r 70 Ajv(M)) to an open neighborhood of in T 70 Atv(M) smc/i i/iai 

r o exp 70 o = p+e)i - <p-& p-Oi + £°(p°o 

for alii G Ba(r 7() Ajv(M)). Moreover, ip ((P~ + P )B 5 (r 7() A Ar (Af))) is con- 
tained in T J0 X, and tp is also a homeomorphism from (P~ + P°)B,5(T 70 AAr(M)) 
onto tp ((P~ + P°)B5(T 70 A^r(M))) even if the topology on the latter is taken as 
the induced one by T^ X . 

(iv) For any open neighborhood W 0/70 mAjy-(M) and afieldWL, write Wx '■= WHX 
as an open subset of X , then the inclusion 

{{C*\ x ) c n w x , {C\ x )c n W x \ {o}) ^(C*nw,c* c nw\ {o}) 

induces isomorphisms 
H* ((£*\x)c n W x , (C*\x)c n W x \ {0}; K) -> P* (£* n W, £* n W \ {0}; K) . 
For we have the splitting lemma at 70 as follows. 
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Theorem 1.3 Under the above notations, there exist e G (0,5) and an origin-preserving 
homeomorphism ip from B^C^^qTM)) to an open neighborhood ofO in C^^qTM) 
such that 

c o exp 70 o tp($) = ld 2 c\ x ( l0 )(p + t, p + o - \\p~ai + 

for all £ G B e (C^ A r(7oTM)), where £*, * = — ,0,+, are the projections of £ onto 
H*(d 2 C\x{'yo)) according to the orthogonal decomposition 111.5]) . 

By Corollaries IA.21 I A.6I Theorem [L2l m) and Theorem 11.31 give two results of the 
following shifting theorem, respectively. 

Theorem 1.4 For all q = 0, 1, • • • it holds that 

Cg(£,7o;lK) = C g _ m -( 7o )(£°,0;]K) and 

C q (£\x, l0 ;K) = C q _ m - M (£°,0;K). (1.7) 

As a consequence of this result we have 

C*(£|*,7o;K) = C*(A 7 o;K). (1.8) 

Note that Theorem ll.2f iv) is stronger than this. Indeed, if we choose a small open 
neighborhood V of 70 in X such that the closure of V in Ajv(M) (resp. X) is contained 
in W (resp. the open subset Wx of X) and that min t L( 7 (i), 7 (i)) > 2c/3 (and hence 
£*( 7 ) = £(7)) for any 7 G V, then 

if, ((£*U)c n (r \x)c n W x \ {0};K) = H* {{C\x)c n V, {C\x)c n F \ {0};I€) . 

by the excision property of the relative homology groups. This and Theorem ll.2( ii).(iv) 
imply (jl.8j) . In applications it is more effective combing these results together. 

When Mq and M\ are two disjoint points, Caponio-Javaloyes-Masiello [11} Th.7] 
proved a splitting lemma for C\x around 70 as Theorem 11.31 (in some possible differ- 
ent coordinate chart) and thus obtained the shifting theorem (jl.7p with a different 
method, and then used Chang's ideas of |14] to prove (|1.8p in [T2] by Palais' theorems 
16 and 17 in |41] , See Remark 14.61 for a detailed illustration. 

1.2 The case N = A M 

Now A N (M) = AM := W 1 ' 2 (S 1 , M). Hereafter S 1 := R/Z = {[s]\ [s] = s+Z, s G K}. 
There exist equivariant and also isometric operations of S^-action on W > 2 (S , M) 
and TW^ 2 {S l ,M): 

[ s ]. 1 (t)= 1 {s + t), V[s]eS\ 7 £W l > 2 (S\M), (1.9) 
[s]-£(t)=$( 8 + t), V[s] G S 1 , £ G T^W 1,2 {S X ,M), (1.10) 

which are continuous, but not differentiable ( |27| Chp.2, §2.2]). Since C is invariant 
under the S^-action, a nonconstant curve 7 G AM cannot be an isolated critical point 
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of the functional C Let 70 G AM be a (nonconstant) critical point of C with critical 
value c > 0. Under our assumptions 70 is C fc -smooth by Proposition 13.11 The orbit 
S 1 ■ 70 is a C fc -submanifold in AM = W 1 ' 2 ^ 1 , M) by gg page 499], and hence a 
C fe -smooth critical submanifold of C in AM. We assume that S 1 • 70 is an isolated 
critical orbit and k > 4 below. 

Also write X = C l {S l ,M) in this subsection. Let O = S 1 -70 and let vr : NO -> O 
be the normal bundle of it in AM. It is a Hilbert vector bundle over O, and XNO := 

A 7 n NO is a Banach vector bundle over O. For e > we denote by 

ATO(e)={(a; J «)eArO||H| W ri, a <e}, ) 

XNO(e) = {(x,v) G XATC| ||v|| c i < e}. J l ' ' 

Clearly, XNO{e) C NO{e). For sufficiently small e > 0, the exponential map exp 
gives a map 

EXP : TAM(e) = {(x,u) G TAM \ \\v\\ w i, 2 < e} -> AM (1.12) 

defined by EXP(x, = exp^^ Vi 6 K, which restricts to a diffeomorphism 
from the normal disk bundle NO{e) onto an open neighborhood of O in AM, M(0, e). 
For 2; G let NO{e) x and XNO{e) x be the fibers of NO{e) and IAO(e) at x G O, 
respectively. Denote by A,, the restriction of the gradient V(£ o EXP\ NC ,^ x ) to 
NO(e) x n XNO x . Then for 5 > small enough A, is C 1 in XNO(6) x (and so 
£oEXP| XA r C1(5);c is C 2 ) by ([gUZD , (lQ9i ([5321) and rtBTTSj) . Moreover it is clear that 

A. x ( s • = s • Ax(u) Vs G 5 1 , v G NO(e) x H XNO x . (1.13) 

Denote by Z? x the symmetric bilinear form d 2 (£ o EXP|xjvo(e) :r )(Ox)- By (i) above 
Claim I5T91 we see that it can be extended into such a form on NO x , also denoted by 
-R2;, whose associated self-adjoint operator is Fredholm, and has finite dimensional 
negative definite and null spaces H~(B X ) and H°(B X ). Moreover, H~(B X ) + H°(B X ) 
is contained in XNO x . As before there exists an orthogonal decomposition 

NO x = H7(B x )®H°(B x )®H + (B x ) (1.14) 

(according to the negative definite, null and positive of B x ). Since B s . x (s • £, s • rf) = 
B x (£, rf) for any s G S 1 and x G O, (|1.14p leads to a natural C 2 Hilbert vector bundle 
orthogonal decomposition 

AfO = H~(S)©H o (5)0H + (S) (1.15) 

with H*(B) X = H*(B X ) for x G and * = +, 0, — , which induces a C 2 Banach vector 
bundle (topological) direct sum decomposition 

XNO = H~(B)+H (B)+(H + (B) n XNO). (1.16) 

We call m~(0) := rankH~(l?) and m (O) := rankH°(£>) Morse index and nul- 
lity of O = S 1 • To, respectively. In the case m (O) = the orbit O is said to 
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be nondegenerate. Moreover we have always < m (O) < 2n — 1. (Indeed, 
m (O) = rankH°(5*) = m°(~f ) - 1 < 2ra - 1 by (|5^jl . ([5TT3D and the inequality 
above Theorem 3.1 of [3Tj.) 

Let P* be the orthogonal bundle projections from NO onto H*(.B), * = +, 0, — , 
and let H°(B)(e) = H°(fi) n JVO(e) for e > 0. Note that H°(J3)(e) C XiVO and that 
for any 5 > we may choose e > so small that H°(S)(e) C XNO(6) since H°(£?) 
has finite rank. By the implicit function theorem and the compactness of O, if e > 
is sufficiently small for each x € O there exists a unique S^-equi variant C 1 map 

f) x : H°(S)(e) :r ->• ET^+OH+OB^ n XNO x ) (1.17) 

satisfying f) x (0 x ) = X and 

(P++p-)oA x ( W + ^(t;)) =0 Vf G H°(JB)(e) x . (1.18) 

Moreover, by (|B.14p and f|5.39j) the functional 

C° A :H°(5)(e) 9 (z,«) -> £ o EXP^t; + &,.(«)) el (1.19) 

restricts to a C 2 one in each fiber H°(B)(e) x , denote by £° Ax for x E 0, and it has 
the isolated critical orbit O. 

Theorem 1.5 Under the above notations, there exists a C k convex quadratic growth 
Lagrangian L* : TM — > R such that: 

(i) L* < L, L*(x,v) = L(x,v) if L(x,v) > 2c/3, and if F is reversible so is L* . 

(ii) The corresponding functional C* in \1.HJ$ is C 2 ~° in AM. All functional C T = 
(1 — t)C + tC* , t € [0, 1], have only a critical orbit O in some neighborhood 
of O C AM, and satisfy the Palais-Smale condition. Moreover, C*(£*,0;IK) = 
C*(£,0;K). 

(iii) By shrinking the above e > (if necessary) there exist a S 1 -invariant open neigh- 
borhood U of the zero section of NO, a S 1 -equivariant fiber-preserving, contin- 
uous and fibrewise C 1 map f) given by {l-lty and 111.18)) . and a S 1 -equivariant 
fiber-preserving homeomorphism T : NO(e) — > U such that 

C* o EXP o T(n) = ||P + -u|| 2 - ||P"-u|| 2 + C° A (P°u) 

for all u £ NO{e). Moreover, T ((P~ + P°)NO(e)) is contained in XNO, and 
T is also a homeomorphism from (P~ + P°)iV0(e) onto T ((P~ + P°)-/V0(e)) 
even if the topology on the latter is taken as the induced one by XNO. (This 
implies that NO and XNO induce the same topology in T ((P~ + P°)iV0(e)) .) 

(iv) For any open neighborhood W of O in AM and a field K, write Wx = W H X 
as an open subset of X, then the inclusion 

((£*\x) c r\Wx,(jC*\x)cnWx\0) (C* c nw,c* c nw\0) 
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induces isomorphisms 



H* ((£*\x)c n W x , (£*\x) c r\W x \0;K)^ h* (C* n W,C* n W \ O-K) . 

Moreover, the corresponding conclusion can be obtained if 

{(C*\ x ) c C\W x ,{C*\x)cC\Wx\0) and (C*nW,£* c nW\0) 

are replaced by ({l*\x)c D W x U O, (C*\x)c D W x ) and (£* n W U O, £* n W) , 
respectively, where C* c = {£,* < c} and (£*|^) c = < c}. 

(v) and C* in (iv) are replaced by Cx and C, respectively, then the correspond- 

ing conclusion also holds true. 

Corresponding to Theorem 11.31 we have the following splitting lemma for C\x 
around O as follows. 

Theorem 1.6 Under the notations above, by shrinking the above e > there exist 
a S 1 -invariant open neighborhood V of the zero section of XNO, a S 1 -equivariant 
fiber-preserving, continuous and fibrewise C 1 map f) given by jl-17\ ) and U.18\) . and 
a S 1 -equivariant fiber-preserving homeomorphism ^ : XNO(e) — > V such that 

CoEXPo^( x ,v) = l -d 2 C\x(x)(Vtv,Vtv) - UP^Hi+^jP^) 

for all (x,v) G XNO{e). 

Clearly, Theorem ll.5( v) implies 

C*(£,0;K) = C*(£\x,0;K). (1.20) 

This also easily follows from Theorem |1.5f i).(ii) and (iv). Let H°~(B) = H°(B) + 
H-(fl) andH°-( J B)(e) = (H°(B)+H- (B))nNO(e). ThenH°"(5) C XNO. Define 
£:H°-(B)(e) -»• R by 

£(x,v) = -\\P-v\\1 + C° Ax (P° x v). 

By the obvious deformation arguments we may derive from Theorem 1 1 . 5 f ii) - (iii) and 
Theorem 11.61 respectively: 

C*(£,0;K) = C»(£,0;K) and C*(£\ x , O; K) = C*(£, O; K). 

These give rise to (jl.20p again. 

Let S x C S 1 denote the stabilizer of i G O. Since x is nonconstant S x is a 
finite cyclic group and the quotient S 1 /Sl = S 1 ■ 70 = O = S 1 . (See [25l page 499]). 
Clearly, £° Ax is S^-invariant. Let C*(jC° Ax , 0; K) Sx denote the subgroup of all elements 
in C*(£^ a! ,0;K), which are fixed by the induced action of S x on the homology. We 
have the following generalization of the Gromoll-Meyer shifting theorem for Finsler 
manifolds. 
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Theorem 1.7 Let K 6e a field of characteristic or prime to order \Sh Q \ of Sy Q . 
Then for any x £ O and q = 0, 1, • • • , 

© (F m _ (s i. 7o) (H- (B) X ,W (B) x \ K) ® ^-(^(A*, 0; K)) ^ . 

provided m~{S l ■ 7o)m°(S' 1 • 70) > 0. Moreover, 

C q {C,S l - l0 ;K) = (C q ^(C° Ax ,0;K)) Sl © {C q (C° Ax , 0;K)) S * 

if m~(S 1 • 70) = and m°(S 1 ■ 70) > 0, and 

C g (£,S 1 -7o;IIC) = H q (Br(B),H-(B)\0;K) 

(fl,_i(H- (5)aj, H~ (J3) a \ {0,}; K)) ^ 

el 

i/m"^ 1 • 70) > and m°(S 1 ■ 7o ) = 0. Finally, C q {C,S l • 7 ;K) = H q (S l ;K) for 
any Abelian group K if m~(S 1 ■ 70) = m°(S 1 ■ 70) = 0. 

By [61 Th.I] H q (H-(B),H-(B) \ 0;Z 2 ) = Z 2 for q = m~(0),m~(0) + 1, and 
= otherwise. If K = Z and H~ (B) is orientable the same is also true; see \27\ 
Gor.2.4.11]. 

In the studies of closed geodesies one often define the critical group 

C^CS 1 • 70; K) = F*(A( 7o ) U S 1 • 70, A( 7o );K), 

where A(7o) = {7 G AM | £(7) < £(70)}. Using the excision property of singular 
homology and anti-gradient flow it is not hard to prove that these two kinds of 
definitions agree (cf. |20| Propositions 3.4 and 3.7]). Such a version of Theorem 11.71 
was proved in [2J Prop. 3. 7] by introducing finite dimensional approximations to AM 
as in [351 SaE]. 

Since one does not know if a generator of the ^-action on H~(B) X reverses 
orientation or not, no further explicit version of the formula in Theorem 11.71 can be 
obtained though 

H m - {0) (H-(B) x ,n-(B) x \ {0 X };K) = K. 

Recalling S 1 = K/Z = [0, l]/{0, 1}, there exists a positive integer m = 777,(70) such 
that l/m is the minimal period of 70 (since 70 is nonconstant). It is equal to the order 
of the isotropy group SJL, and is called the multiplicity of 70. When 777(70) = 1 we 
say 70 to be prime. These can also be described by the 777-th iterate operation 

cp m : AM -> AM, 7 -> 7 m (1.21) 
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defined bjo 7 m (t) = j(mt) \/t G K when 7 is viewed as a 1-periodic map 7 : IR — ?• M. 
Clearly, there exists a unique prime curve 7q // " 1 G AM such that (70 ) m is equal 
to 70. Suppose that K is a field Q of rational numbers and that for each k G N the 
orbit S 1 ■ (7 /m ) fc is an isolated critical orbit of £. We may rewrite the conclusions 
of Proposition 3.8 in [2] (in our notations) as follows: 

(i) If m°(S 1 ■ 70) = then C q (C, S 1 ■ 70; K) = K if m~ (S 1 ■ 70) - m~ (S 1 ■ 7o 1/m ) is 

even and q G {m~(S 1 • 7o),m~(S' 1 • 70) + 1}, and C q {£,S l ■ 7o;H£) = in other 
cases. 

(ii) If m°{S 1 • 70) > and e( 7o ) = (-l) m ~ '(^-to)-"*- (S 1 - 7 d /m ) ? then 

C,(£,5 1 -7o;lK) = C ? _ m - (51 . 7o) _ 1 (£^,0;K) s - e ^) 
e C 9 _ m - (5 i. 7o) (£^,0;]K) s - e ^) 

for each s G O and g G Nu{0}, where C*(£° Ax , 0; K) 5 ^' 1 and C*(£° Ax , 0; K)^ -- 1 
are the eigenspaces of a generator of 5^ corresponding to 1 and — 1 , respectively. 
Clearly C*(£° Ax ,0; K) s ^ ,_1 = if m is odd. 

Using Theorem 11.71 we may derive the following result, which is very important 
for the proof of Theorem 11.111 in Section [HI 

Theorem 1.8 Under the assumptions of Theorem \1.7\ suppose that r?i~(7o) = and 
that C P (C, S 1 ■ 70; K) ^ and C p+1 (£, S 1 ■ 70; K) = for some p G N U {0}. Then 
p > 0. Furthermore, we have 

(i) if p = 1 t/ien each point of S 1 • 70 is a local minimum of £; 

(ii) if p > 2 then each point of S 1 • 70 is not a local minimum of C\x (and thus £). 



1.3 Two iteration theorems 

Our shifting theorems, Theorems II. 4| 11.71 are sufficient for computations of critical 
groups in most of studies of geodesies on a Finsler manifold. In Riemannian geometry 
they are direct consequences of the splitting theorem. So far we have not obtained 
the corresponding splitting theorem for the Finsler energy functional £ on the Hilbert 
manifold Ajv(M). In the studies of multiplicity of closed geodesies on a Riemannian 
manifold as in [251 E] etc, one must use the splitting theorem to deduce a change 
result of critical groups under the iteration map (p m . We shall give more general 
versions of Theorems II. 5[ 11.61 11.71 in Section 15.11 so that the following iteration results 
corresponding with the case of Riemannian geometry can be proved in Section [6l 

Theorem 1.9 For a closed geodesies 70 and some integer m > 1, suppose that O = 
S 1 • 70 and ip m {0) = S 1 • j™ are two isolated critical orbits of C in AM and that 
m~ (O) = m~ (ip m ((D)) and m (O) = m (ip m (O)). Then ip m induces isomorphisms 

(<p m ), : H* (A( 7 o) U S l ■ 70, A( 7o );K) -> (A( 7o m ) U S 1 ■ 7o m , A( 7o n );IC) . 

1 Here 7™ is different from 7 1 ™ appearing in the study of Lagrangian Conley conjecture in [29l [3T] 
though using the same notation. 



12 



(Consequently, ip m induces isomorphisms from C*(£, 0;K) to C*(£, (p m {0); K) .) 

Since C is C 2 ~° and satisfies the (P.S) condition on the Hilbert manifold H 1 (S 1 ,M) 
it is not hard to give different equivalent forms of Theorem 11.91 which are more con- 
venient in different applications. See Theorems 16 . 1 1 loT2"l 

Under the weaker assumption that m (O) = m (<p m (O)) some results can also 
be obtained. When the critical orbit O = S 1 • 70 between fll.9|) and Theorem 11.51 
is replaced by ip m (0) = S 1 • 7™ the corresponding maps with A, B, t) and C° A are 
denoted by m A, m B, m \) and m C° A , respectively. 

Theorem 1.10 Let K be afield. Suppose thatm (O) = m° (tp m (0)) . Then 

dimC q {C° Ax ,0;K) = dim C q ( m £ Ax m , 0; K) (1.22) 

for any x G O and all q S {0} UN. If the characteristic of K is zero or prime to order 
of S^m then 

dimC q (£° Ax ,0;K) s * = dim C q ( m £° Ax m , 0; K) 5 ^" 1 Vg e {0} UN. (1.23) 

For the case of closed geodesies on Riemannian manifolds the corresponding result 
of Theorem 11.91 was contained in the proof of [U Th.3] , (jl.22p may be viewed as the 
corresponding result with Theorem 3 of |25j . With finite-dimensional approximations 
Theorem O and the equivalent forms of were proved in 021 §7.1,7.2] 

and [2J Th.3.11]. 

1.4 An application 

Using the above theory many results about closed geodesies on Riemannian mani- 
folds can be generalized to Finsler manifolds in a straightforward way. For example, 
repeating the arguments of [3] will lead to similar results. In particular we have the 
following generalization version of j3j Theorem 3]. 

Theorem 1.11 A connected closed Finsler manifold (M,F) of dimension n > 1 
has infinitely many geometrically distinct closed geodesies provided that there exists a 
nonconstant closed geodesies^ such thatm~(^ k ) = and Hp{K{^)VJS l -7, A(j); K) / 
with some integer p > 2 and a field K of characteristic zero. 

The readers may compare it with Rademacher's generalization \42\ Theorem 7.5] 
with finite-dimensional approximations. Our proof method is slightly different from 
[3], and cannot deal with the case that p = 1 and 7 is a local minimum of C, but not 
an absolute minimum of C in its free homotopy class. See Remark l8.7l for comparisons 
with the results in [3]. 
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1.5 Basic proof idea 

Since W l ' 2 (I, M) ^ C°(I,M) is continuous, and each 7 £ VF 1,2 (7, M) has com- 
pact image, there exists an open neighborhood 0(7) of 7 in W 1,2 (J, M) such that 
U{a(I) I a £ 0(7)} is contained in a compact subset of M. Hence as before we may 
assume that M is compact without special statements. 

Recall that a Lagrangian L : [0, 1] xTM — >• M. is called convex quadratic growth 
if it satisfies the conditions: 

(LI) 3 a constant > such that d vv L(t, x, v) > £qI, 
(L2) 3 a constant 4 > such that \\d vv L(t, x, v)\\ < 4 and 

\\d xv L(t,x,v)\\ < 4(1 + \v\ x ), \\d xx L(t,x,v)\\ < 4(1 + M 2 ) 

with respect to some Riemannian metric (-, •) (with \v\ x = (v,v) x ). 

Equivalently, there exists a finite atlas on M such that under each chart of this atlas 
the following conditions hold for some constants < c < C: 

( L1 ) Ey mkr; L( y t > x ' v ) u i u 3 ^ c l u l 2 Vu = («!,-•• ,u„) g R", 

(L2) ^-L(t,x,v) <C(l + \v\ 2 ), gg^-L(t,x,v) <C(l + \v\), and 
d 2 



-L(t, x, v) 



< C. 

To show our ideas let us consider Theorem 11.41 for example. Given a nontriv- 
ial constant speed F-geodesic 70 : / — >■ M with (70(0), 7o(l)) £ N = Mq x M\, 
c = L(7o,7o) = [F(7o,7o)] 2 > 0. Then we construct a convex quadratic growth La- 
grangian L* : TM — > R such that L*(x,v) = L(x,v) if L(x, v) > 2 f. Apparently, 70 
is a critical point of the functional 



C* : A N (M) ->R, 7^ [ l L*( 7 (t),j(t))dt (1.24) 

Jo 

with critical value c. Moreover, 70 is isolated for C if and only if it is so for C* . Define 
L T (x,v) = (1-t)L(x,v) + tL*(x,v) and C T = (l-r)£ + r£* for r £ [0,1]. We shall 
prove that the family of functionals {C T \ r £ [0, 1]} on Ajy(M) satisfies the stability 
property of critical groups [TU [TBI 031 CDS EH EH] , and so 

C g (£,7o;K)^C ? (£*,7o;K) > 0. 

By Corollary IA.2I we have a shifting theorem for C q (C*, 70; 1C) and hence arrive at 
the desired results. 

Our modified Lagrangian L* can be required to be no more than L. This is very 
key for the proofs of Theorem ll.5( v) , Theorem ll.8( i) and Theorem 11.91 

Organization of the paper. In Section 2 we start from L = F 2 to construct 
a suitable convex quadratic growth Lagrangian L* having the properties outlined 
above. Then by considering the corresponding functional family (£ r ) r e[0,i] with the 
Lagrangians L T = (1 — t)L + tL* with r £ [0, 1] we show in Section 3 that the 
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functionals C and C* have the same critical groups at 70 and S • 70 in two cases, 
respectively. The proofs of Theorems 11.21 11.31 are given in Section 4, and those of 
Theorems 11.51 11.61 11.71 are given in Section 5. Section 6 deals with critical groups 
of iterated closed geodesies, including the proofs of Theorems 11.91 fTTTUl In Section [7] 
we present a computation method of S^-critical groups. The proof of Theorem 11.111 
is given in Section [HJ Finally, in Appendixes A, B we state the shifting theorem 
obtained in \32\ [34"] and give some related computations, respectively. 

Acknowledgements. I would like to thank Professors Rong Ruan and Jiequan Li for 
producing the beautiful figure. The partial results of this paper were reported on the 
International Conference in Geometry, Analysis and Partial Differential Equations 
held at Jiaxing University on December 17-21, 2011; I thank Professor Guozhen 
Lu for invitation and hospitality. I also thank Professors Jean-Noel Corvellec and 
Erasmo Caponio for sending me their related papers respectively. I am very grateful 
to Dr. Marco Mazzucchelli for pointing out that my misunderstanding for the precise 
meaning of a sentence in [3] (Sentence 2 in Section 9 of the original version) is the 
reason leading to my mistaken observation. 

2 The modifications for the energy functionals 

We firstly construct two smooth functions, see Figure HJ 




£ X 2c 

3Ci 



Figure 1: The functions ifj £ ^ and 0^ + /j,5. 



Lemma 2.1 Given positive numbers c > and C± > 1, choose positive parameters 
< £ < 5 < Then 

(i) there exists a C°° function ip £j s '■ [0, 00) — > R such that: ip' £ s > and convex on 
(e,oo), vanishes in [0, e), is equal to the affine function nt + go on [5, 00), where 
k > and go < are suitable constants; 
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(ii) there exists a C°° function & : [0, oo) — > K depending on parameters fi > 

and b > 0, swc/i i/iai: 0^ is nondecreasing and concave ( and hence <f)'' b <0 ), 
is equal to the affine function fit — fi5 on [0,5], is equal to constant b > on 

(iii) Under the above assumptions, i/j ej s(t) + <^i,b(i) — b = Kt + qq for any t > 
(and hence t > ^). Moreover, ip £} s{t) + — b > —fi5 — b Vi > 0, and 

+ 4>n,b{t) — b = —fi5 — b if and only ift = 0. 

(iv) Under the assumptions (i)-(ii), suppose that the constant fi > satisfies 

ti+-^->0 and (j,5 + b + g >0. (2.1) 
o — e 

Then ^ £) &{^) + 4 > fi,b{t) — b<Kt + Qo\/t>e, and 4> £ ,s{t) + 4>fj.,b{t) — b < nt + qq \/t £ 
[0,e] if K>fi. 

Proof of Lemma 12.11 (i)-(iii) are easily obtained. We only prove (iv). Obverse 
that the line connecting points (e, 0) to (6, k5 + qq) given by 

_ k5 + on , . 
R3t^ — —(t - e), 



satisfies 



^ + ^o<^W<4 ± ^( t - e ) VtG[e,*]. (2.2) 
o — e 



Since <^,&(i) — b < Vt > we have ip e ,s{t) + (fi^bit) — b < nt + go \/t £ [5, oo) by the 
definition of ^> 6 ( j. When t € [e, 5], since 4>n,b{t) = fit — (iS for any f < 5, by ()2.2[) we 
only need to prove 

+ 00 (t - e) + fit - n5 - b < Kt + go Vie [e,51. (2.3) 

— £ 

Clearly, this is equivalent to 

KE + Qn \ kS + On , , r ,„ 

+ A*t<eo + M* + &+ -? — — e v * e [e, 5] (2.4) 



5 — e / 5 — e 

because ^ - k = f^. The first inequality in fl^T) implies ^|±^a + ^ > ^ > . 
Hence it suffices to prove that ()2.4p . or equivalently, f|2.3[) holds for t = 5, that is, 

— (o — e) + /xo — /uo — b < no + qq. 

o — e 

It is obvious because b > 0. This proves the first claim in (iv). 
For the case t £ [0, e] we have ip e ,s(t) = and 

<f>n,b(t)-b = fit-fi6-b 

< Kt + fiS + b + go — fi5 — b 

= Kt + Qo 

because the second inequality in (12. II) implies {fi — n)t < fj,S + b + go for any fi < k. 
Lemma l2.1( iv) is proved. □ 



16 



Proposition 2.2 Let (M,F) be a C k Finsler manifold (k>2), and L := F 2 . Sup- 
pose that for some Riemannian metric h on M both 

. , . t g(x,v)[u,u] g(x,v)[u,u] 
ah := mi mi — - — — and ph '■= sup sup ■ 



h x (v,v)=lu^0 h x {u,U) h x (v,v)=lu^0 h x (u,u) 

are positive numbers, and that for some constant C\ > 0, 

\v\l<L(x,v)<d\v\l V(i,v)eTM. (2.5) 



Hereafter \v\ x = \Jh x {v, v) without special statements. Then for a given c > there 
exists a C k Lagrangian L* : TM — > K such that 

(i) L*(x,v) = kL(x,v) + q if L(x,v) > ^r-, 

(ii) L* attains the minimum, and L*(x,v) = minL* <^=^ v = 0, 

(iii) L*(x, v) < kL(x, v) + qq for all (x, v) G TM, 

(iv) d vv L*(x, v)[u, u] > min{2/i, ^Ka/j}|tt|^. (This implies (ii).) 
Moreover, if F is reversible, i.e. F(x,—v) = F(x,v) V(x,u) G TM, so is L* . 

Proof. By the assumptions we have 

a h \u\ 2 x < g(x,v)[u,u] < /3 h \u\l (2.6) 

for all (x, v) G TM \ {0} and (x, u) G TM. 

Let ip £ £ and (f)^^ be as in Lemma 12.11 Suppose that (|2.ip is satisfied and that 
k > fi. Consider the function L* : TM — > K defined by 

L*(s, v) = tl> e , s (L(x, v)) + 4>^b{\v\l) - b. (2.7) 

Clearly, it is C k smooth, and satisfies the final claim. 

By (|2.5p . ^,6(1^1^) < (f>n,b{L(x,v)) \/(x,v). (i) and (ii) follows from Lemma [27TT iii) 
immediately. Obverse that 

L*(x, u) = i/) EjS (L(x, v)) + <^,&(Ms) - b< ip e , s {L(x, v)) + 4>^ b (L(x, v)) - b 

for any (x,v). We derive (iii) from Lemma l2.1( iv). 
Now we are a position to prove (iv) . Since 

d 2 d \ d 

ip e> s{L(x, v + su + tu)) = — ip' e s(L(x, v + su + tu))—L(x, v + su + tu) 



» rt '° v v ' " dtv e ^ v ' "ds 

d 2 

= ip' e ^(L(x, v + su + tu))-Q^L(x, v + su + tu) 

a d d 

+ip^ s (L(x, v + su + tu))—L(x, v + sit + tu)—L(x, v + sit + tu) 

for it G T X .M and v G T X M \ {0}, we get 
c) 2 



<%<9s 



ip e s(L(x, v + su + tu)) 



=0,i=0 



«))^L(x, u) [u, u] + < 5 (L(x, t,)) [d„L(x, W )(u)] 2 . 
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Clearly, the left side is equal to zero at v = 0. Similarity, one easily computes 

d 2 



These lead to 



(t>u,b{\v + su + tu\ x ) =m,b(\v\ x )(v,u) x + 20 ' b (\v\ x )\u\ x . 



s=0,i=0 W 



d vv L*(x,v)[u,u] = ifj^ s (L(x,v))[d v L(x,v)(u)] 2 + ij) EjS (L(x,v))d% v L(x,v)(u,u) 

+ 4# / ; i6 (|H^)^^)'+2# / Atife (b|2)|n|2. (2.8) 

• If L(x,v) < 5 (and hence \v\ 2 < 5 by (|2.5p ). then 

d vv L*(x,v)[u,u] > 2fir]\u\l (2.9) 

because Lemma l27TT i) and Lemma l27TT ii) imply: ip' £ ' s (L(x, v )) > 0, ip' £ s (L(x,v)) > 0, 
and <t>%(\v\l) = and ^ b (\v\l) = pi for \v\ 2 x < 5. 

• If L(x,v) > 5 (and hence \v\ 2 x > ^ > ^ by ([23])), then tp'^ s (L(x,v)) = and 

%l)' £5 (L(x,v))d vv L(x,v){u,u) = Kd vv L(x,v)(u,u) 
by Lemma l2.1f i). Hence it follows from (|2.8p . Lemma 12.1 H i) and (|2.6p that 



d vv L*(x, v)[u,u] > Kd vv L(x,v){u,u) + 4r]<f)'^ b {\v\l) (v , u) 2 x + 2r]<f>'^ b (\v\l)\u 
> Kd vv L(x,v)(u,u) +4i]cf)'^ b (\v\l)(v,u} 2 x 



> Ka h \u\ x + 4i]<t)'^ b (\v\ x )\v\ x \u\ 
8c 

|2 



. i 1 2 / // / 1 1 2 \ i 1 2 



because b < 0, and 0" fe (M x ) = f° r \ v \x ^ Obverse that b (\v \ 2 ) is bounded 
for \v\ x £ [3^-, j^j-]. We may choose k > so large that 



This and (|2.9j) yield the expected conclusion. □ 

Proposition I2.2( iii) and thus the following Corollary I2.3f iii) is only used in the 
proof of Theorem 16.11 (i)-(iii) in Lemma 1 2. II and large k > are sufficient for other 
arguments. 

If M is compact, for any Riemannian metric h on M both ah and (5h are positive 
numbers, and they may be chosen so that (|2.5p holds for some constant C\ > 0. In 
this case it is easily proved that L* in (|2.7p is a convex quadratic growth Lagrangian. 
Defining L*(x,v) by (L*(x,v) — Qo)/k we get 

Corollary 2.3 Let (M,F) be a compact C k Finsler manifold (k>2), and L := F 2 . 
Then for a given c > there exists a C k convex quadratic growth Lagrangian L* : 
TM -> E such that 
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(i) L*{x,v) = L(x,v) ifL(x,v)>^h, 

(ii) L* attains the minimum, and L*(x,v) = minL* <^=^ v = 0, 

(iii) L*(x,v) < L(x,v) for all (x,v) G TM, 

(iv) if F is reversible, so is L* . 

(ii) is actually implied in the convexity of L*. We can also construct another C k 
convex quadratic growth Lagrangian L* : TM — > M. satisfying Corollary 12.3( 1) (ii) (iv) 
and the condition L*(x,v) > L(x,v) for all (x,v) G TM. Such a L* is not needed in 
this paper. 

Let L* be as in Corollary 12.31 By the compactness of M, (|2.5[> - (|2.6j) and the fact 
that L* is convex quadratic growth we may derive that there exist a* h > 0, /3? > 0, 
C<i > and C3 > such that 

< d vv L*(x, v)[u, u] < (3l\u\l, (2-10) 
C 2 |t;|2<L*(x,7;)<C3(|t;|2 + l). (2.11) 

For each r G [0, 1] we define U : TM ->• E by 

L T (x, v) = (1 - r)L(x, 17) + tL*(:e, u). (2.12) 

Then it is only C fc in TM \ {0} for < r < 1, and by (|2~3 |) - (j2^j) and (pT0l) - (plT]l 
ones easily prove that in TM \ {0}, 

mm{a h ,a* h }\u\l < d vv L T (x, v)[u, u] < max{/3 h , (3^}\u\l, (2.13) 
min{C 2 , l}\v\ 2 x < L T (x, v) < (d + C 3 )(\v\ 2 x + 1). (2.14) 

From the mean value theorem it follows that 

\d v L T (x, v) ■ v\ = \d v L T (x, v ) ■ v — d v L T (x, 0) • v \ 

= I d vv L T (x, sv)\v , v]ds 
Jo 

> min{a h ,a^}|t;|^ 

for any (x,v) G TM \ {0}, and therefore 

\d v L T (x,v)\ > mm{a h ,a* h }\v\ x V(x,v) G TM. (2.15) 

Consider the Legendre transform associated with L T , 

L T : TM — > T*M, [x, v) ^(x, d v L T (x, v)) . (2.16) 

Proposition 2.4 L r is a homeomorphism, and a C k ~ 1 -dijjeomorphism for r = 1. 
Moreover, L T also restricts a C k ~ l -dijjeomorphism from TM \ {0} onto T*M \ {0}. 
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Proof. The conclusion for r = 1 is standard (see [23], Prop. 2. 1.6]). The case r = 
had been proved in the proof of [1'6\ Prop.2.1]. The similar proof yields the case 
< r < 1. That is, we only need to prove that they are proper local homeomorphisms 
by Banach-Mazur theorem (cf. [5] Th.5.1.4]). 

Since L T is C , fiberwise strictly convex and superlinear on TM the map 

L T X : T X M -> T*M, v d v L T (x, v) 

is a homeomorphism by Theorem 1.4.6 of [23]. Moreover, L T is C k on TM \ {0}, and 
d vv L T (x, v)[u, u] > for any u,v £ T X M \ {0}. From the implicit function theorem it 
follows that the map 

LI : T X M \ {0 X .} 3 v ^ ^(x, u) G 7;*M \ {0 X } 

is a C^" 1 diffeomorphism. 

Now L T : TM — > T*M is a continuous bijection. Consider its inverse 

(I/)" 1 : TM T*M, (a:,u) (L^)^ 1 ^). 

By the positivity of d vv L T on TM \ {0}, from the inverse function theorem we derive 
that L T is locally a C fc_1 diffeomorphism on TM \ {0} and (L T )" 1 maps T*M \ {0} 
onto TM \ {0}. 

We claim that the continuity of (L r ) _1 extends up to the zero section. Suppose 
that (x n ,w n ) — > (xo,0) and 

(L r y 1 (x n ,w n ) = (x n ,v n ). 

Then L T (x n ,v n ) = (x n , w n ) or w n = d v L T (x n , v n ). By f|2.15j) we deduce that \v n \ Xn -> 
0. This leads to the desired claim. Hence L r is a homeomorphism from TM onto 
T*M. The second conclusion is a direct consequence of this fact and the inverse 
function theorem. □ 

Remark 2.5 For a C k convex quadratic growth Lagrangian L* : TM — )■ R (fe > 2), 
by the convexity of L* we have d v L*(x, 0) = Vx and therefore (|2,15p holds, it follows 
that Proposition 12.41 is still true. 

3 The stability of critical groups 

In this section we assume that (M, F) is a compact C k Finsler manifold (k > 2) and 
L := F 2 . For a C k convex quadratic growth Lagrangian L* : TM — > R and r G [0, 1] 
we define L T (x, v) = (1 — t)L(x, t> ) + tL*(x, v) and 

C T h)= f 1 L T (l(t),j(t))dt V 7 gAtv(M). (3.1) 

JO 

Then £ T (7) = (1 — r)£(7) + r£*( 7 ) for r G [0, 1], where the functionals C and C* 
are given by (|1.2|) and (|1.24|) . respectively. Since C and £* on An(M) are C 2_0 and 
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satisfy the Palais-Smale condition by Proposition 11.11 and pQ, so is each functional C7 
on Ajv(M). 

The energy function of L T , E T : TM — > R is defined by 

E T (x, v) = d v L T (x, v)-v- L T (x, v). (3.2) 
(It is C 1 " because F 2 is C 2 ~° on TM). 

Proposition 3.1 For the Lagrangian L* in Corollarv \2.3l ifj G Atv(M) zs a critical 
point of the functional C7 which is not a constant curve, then 7 is a C k regular curve, 
i.e. 7(i) 7^ for any t G I. 

Proof. Fix a point 7(f) and choose a coordinate chart around 7(f) on M, (V, x), 

X ■ V -> xOO C M n , x i-> = (xi, • • • , s ft ). 

Then we get an induced chart on TM, (ir~ 1 (V),Tx), 

T X : k-\V) -^x(V) xf, ^ (an,-- - ,x n ;v lr -- ,v n ). 

Let Jo be a connected component of 7 _1 (y). It has one of the following three forms: 
[0,a), (a, 6), (6, 1]. Let 7(4) := X {j(t)) for t G I . Then 7 : I -> V C M n is absolutely 
continuous and 7 (i) = <ix(7(*))(7(*)) f° r * ^ /o- Set 

L T (x,y) := L T ( X - 1 (x),d X - 1 (x)(y)) V(x,y) G X (V) x M n . 

Since dC T (j)^) = V£ G T^A N (M), we deduce that 

jf (a s L T (7(t),^(t))K(i)] + ^L T (7(t),7(*))[e(t)])* = 

for any £ G C°°(/o,IK n ) with supp(£) C Int(/ )- Denote by to the left end point of I 
and by 

H(t) = - f d x L T (j(s),%s))ds ViGl . 
Then Iq 3 1 1— > H (t) € M n is continuous and 

jf (net) + ^L T ( 7 (t), 7(*))) = 

for any £ G C°°(/o;R n ) with supp(^) C Int(/o)- It follows that there exists a constant 
vector u G W 1 such that 

H(t) + d y L T {^{t)^{t)) = u a.e. on I . 

This implies the map 

h3t^d y i T ^{t)^{t)) 

is continuous. Moreover, as in Proposition 12.41 we can prove that the map 
L r : X (V) xl n 4 xGO x fav) ^{x,d y L r (x,y)) 
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is a homeomorphism, and also restricts to a C k 1 -diffeomorphism Lg from x(Y) x 
(R n \ {0}) to X {V) x (R n \ {0}). So 

is continuous. This shows that 7 is C . Obverse that 

^dyL r m)M)) = dxL T m)Mt)) a -e- on J . 
We get that the map Iq 3 t d y L T ( ; y(t),j(t)) is C\ and hence the composition 

{t G Jo I 7 (*) /0}9^ ^L-( 7 (t),7(i)) ^ (m^t)) 

is C . In summary we prove: 7 is C , and C 2 in {t G / 1 j(t) 7^ 0}. 
Now since 7 is not constant. Then the energy 

£ T ( 7 ,7) = 0„L r ( 7 ,7) -7-^(7,7) 

is constant on every connected component of {t £ I|7(t) 7^ 0}. Note that Corol- 
lary 12.31 implies 

L T > rminL*, L T (x, 0) = rminL* and E T (x,0) = -rminL* Vx. (3.3) 
For v £ T X M \ {0} and t > 0, by ([32|) we have 

j t E T {x,tv) = j t (d v L T {x,tv)-(tv))-j t L T {xM 

= d vv L T (x, tv)[v, tv] + d v L T (x, tv) ■ v — d v L T (x, tv) ■ v 
= td vv L T (x, tv )[v, v] > 0. 

It follows that E T (x,v) > E T (x,0) = -rminL* on TM \ {0} and hence 

E T (x,v) > —rminL* and E T (x,v) = —rminL* <J=^ v = 0. 

Since £^(7,7) is strictly larger than —rminL* in I\ {t G I\ j(t) 7^ 0} and / 9i-> 
E T ( r y(t),'j(t)) is continuous we must have I = {t G J| 7(t) 7^ 0}. It easily follows that 
7 is C fc . □ 

Remark 3.2 For a C fc convex quadratic growth Lagrangian L* : TM — > K (fc > 2), 
if L*(x,0) = minL* Vx then f|2. 15|) and therefore Proposition 12.41 hold. Moreover we 
have also f|3.3[) and hence Proposition 13.11 

Since the weak slope of a C 1 functional / on an open subset of a normed space 
is equal to the norm of the differential of / the lower critical point (resp. value) of 
/ agrees with the usual one of /. The following special version of [19} Th.1.5] about 
the stability property of critical groups is convenient for us. 
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Theorem 3.3 ([T9j Th.1.5]) Let {f T : r G [0, 1]} be a family of C 1 functionals from 
a Banach space X toWL, U an open subset of X and [0, 1] 9 r i— > u T G U a continuous 
map. Assume: 

(I) if Tk — > t in [0, 1], then f Tk — > f T uniformly on U; 

(II) for every sequence Tk — >■ r in [0, 1] and (vk) in U with f'(vi-) — > and (f Tk {vk)) 
bounded, there exists a subsequence (u^) convergent to some v with f' T {v) = 0; 

(III) f' T (u) > for every r G [0, 1] and u G U \ {u T } 
Then C q (f ,u ;K) = C q (fi,ui;K) for every q>0. 

Actually, Chang pH page 53, Th.5.6], Chang and Ghoussoub [H Th.III.4] and 
Corvellec and Hantoute |21| Th.5.2] are sufficient for the proof of our Theorem 13.81 
For a, t G [0, 1], since L a — L T = (r — a)L + (a — t)L* we have 

|£ CT (7)-£ r (7)l <W~r\ f [|L(7(t),7(t))| + |L*( 7 (t),7(t))|lcft (3.4) 

for all 7 G An(M). Note that the condition (L2) and the compactness of M implies 
\L*(x,v)\<C 2 (l + \v\l) V{x,v)eTM (3.5) 
for some constant C2 > 0. Let C3 := max{L(x,v) | \v\ x = 1}. Then 

\L(x,v)\ < C 3 \v\l V{x,v)eTM. 
From this and (I3.4p -( j33j) we immediately get 



Claim 3.4 For any bounded subset K C A^(M), C u — > C T uniformly on K as 

0~ — y T . 

Claim 3.5 For any 70 G Ayv(M) there exists a neighborhood U of it such that 
for every sequence Tk —> r in [0,1] and a sequence (jk) in U with dC Tk (^k) ~ > 
and (£ Tfe (7fe)) bounded, there exists a subsequence (7^) convergent to some 7 with 
dC T (^f) = 0. (Clearly, 70 can be replaced by a compact subset K C A^(M).) 

Proof. Clearly, this result is of a local nature. By a well-known localization argument 
as in [31] (cf. Section 4 below) the question is reduced to the following case: 

• F, L* : B% p (0) xR"4«; 

• ( 7fc ) C Wj' 2 ([0,l],B»(0)) := {7 G W^dO^B^O)) | ( 7 (0), 7 (1)) G V} is bounded, 
where V is a linear subspace of W l x M n , such that 

d£ Tk (<y k ) -> (as k -> 00) and |£ Tfe (7 /t )| < C 4 Vfc (3.6) 

for some constant C4 and that both (||cLC(7fc)||) and (||d£*( 7 fc)||) are bounded; 

• The conclusion is that there exists a subsequence (7^-) convergent to some 7 G 
Wy' 2 ([0, 1], B\ ■ (0)) with d£ T (7) = 0. In this time 7 satisfies 



^(0„£ r (7(*),7(t))) -a^ T (7(t),7(t)) = 0, 
cU7( 7 (0), 7 (0)) • v = d v L T ( 7 (l),j(l)) ■ Vl V(«o,«i) G V. 
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In order to prove this, note that (I3.6P implies 



\\dc T { lk )\\ < \\dc^( lk )\\ + \\dr{ lk ) - dc r *{ lk )\\ 

< \\dC T *{ lk )\\ + \r k - t\ ■ {\\d£.( 7k )\\ + ||dC*(7fc)||). 

We arrive at 

||d£ r (7 fc )|| ->■ as k — > oo. 

Moreover Claim [3^1 implies that (|£ T (7fc)|) is bounded too. Combing the proof of 
[T2l Th.3.1] and that of [H Th.3.1(iv)] we can complete the proof of Claim [331 They 
are omitted. □ 

Claim 3.6 For any C > there exists a C > 0, which is independent of r G [0, 1] 
ane? (x, u) E TM ; such that 

E T (x,v) <C^ \v\ x < C. 
Proof. Since L*(x,v) = (ip £ ^(L(x,v)) + 4 > ^,b{\ v \ 2 x ) — b — Qo)/k, we have 

E*(x,v) = d v L*(x,v) ■ v — L*(x,v) 

= -[iPe,s( L (x,v))d v L(x,v) -v + 2(f)' b (\v\ 2 x )\v\l 

-ip £>s (L(x, v)) - 4>^b(\v\ 2 x ) + b + go] . 

Moreover, E(x,v) = d v L(x,v) ■ v — L(x,v) = L(x,v). Hence 

E T (x, v) = (1 - t)L(x, v) + - [b + go + 2if/ s (L(x, v))L(x, v) 
-ip £iS (L(x,v)) +2<f>'^ b {\v\l)\v\ 2 x - 4>^ b (\v\l)]. 

Suppose that there exist sequences (r k ) C [0, 1] with r k — > r and (x k ,v k ) C TM with 
x k — > x o-, such that 

E Tk (x k ,v k ) < CVk, and \v k \ Xk -)• oo. 
Since (|2.5p implies L(x k ,v k ) — > oo we deduce 

i/j £) s(L(x k ,v k )) = K,L(x k ,v k ) + g , 

for A: sufficiently large. It follows that 

E Tk (x k ,v k ) = (1 - T k )L(x k ,v k ) + — [2nL(x k ,v k ) - KL(x k ,v k )] 
= L(x k ,v k )^oo 

as k — >■ oo. This contradiction yields the desired claim. □ 
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Claim 3.7 -Lei 70 6 Atv(M) be an isolated nonconstant critical point of £ on An(M) 
(and hence a C k nonconstant F -geodesies with constant speed F(7o(t), jo{t)) = y/c > 
0). Let L* : TM -^R be given by CorollarylEM and let 

L T (x, v) = (1 - t)L(x, v) + tL*(x, v) Vt e [0, 1]. 

TTien t/iere exists a neighborhood 0/70 m Ajv(M), U{^q), such that each C T has only 
a critical point 70 in i/(7o). 



Proof. Clearly, if L(x, t>) > if then 



L r (2;, v) = L(x, v). 



(3.7) 



Since L (70 (t), 7o(i)) = c Vt, it is easily checked that 70 is a critical point of the 
functionals C T in (J3H]) on A N (M) and L r (7 (t), 7 (t)) = c Vt. 

By a contradiction, suppose that there exist sequences (7^) C A^(M), (77) C [0, 1] 
such that 

Tfc^ro, 7fc^7o, d£ Tfc (7fc) = 0Vfc. (3.8) 

Then 7^ is nonconstant for each large k, and therefore a C fc regular curve by Propo- 
sition [3J] (removing finite many terms if necessary). Note that S T °(7o(t), 7o(t)) and 
E Tk {^k{t)-,l'k{t)) are constants independent of t. Set cto — E T °{lo{t)-> 7oW) an d 
4 := ^ Tfc (7fc(i),7fcW) for fe = 1,2, • • • . Then 



^ To (7oW,7o(*))^ 
a,L T °(7o(t),7oW)[7o(i)]^- / L TO (7oW,7oW)^ 



(1-ro) 



^L( 7o (t),7oW)[7oW]^- / L( l0 (t), 7 ' (t))dt 



+ T 



d v L*( 10 (t), lo (t))tf (t)]dt- / L*{ l0 (t),J Q (t))dt 



(l-r ) / L( 7 oW,7o(t))^ 



+ T 



d v L*( lo (t), 7 ' (t))[ 7 ' (t)]dt- / L*( 7o (t),y o (t))dt 



since d v L(x, v)[v] = 2L(x,v). Similarly, we have 



dk 



E T *( lk {t),i k (t))dt 
d v L^(lk(t),7' k (t))h'k(t)]dt ~ I ~ L^{ lk {t) n ' k {t))dt 



(1-7*) / L( 7fc (t), 7 at))dt 



^r(7 fe (t),7Ui))K(*)]^- f L*{ lk (t),i k {t))dt 

Jo 
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Recall that L* is convex quadratic growth. There exists a constant C* > such that 
\d v L*(x, v)[v]\ < C*(l + \v\l) for all (x,v) G TM. From the first two relations in ([X 
and a theorem of Kranosel'skii we deduce 



d v L*( lk (t),j' k (t)M(Wt^ / d v L*( 7o (t), 7 ' (t))Wo(t)]dt, 



L*( 7k (t), 7 ' k (t))dt^ / L*(K(t),y' (t))dt 



and hence — >• do = c. Choose ko € N such that \d k \ < c + 1 for all k > fco- Then 
by Claim 13.61 we have a constant C5 > such that 



h' k (t)\^ {t) < C 5 Vi £ [0, 1] and k > k^. 



(3.9) 



By the compactness of M and the assumptions (L1)-(L3) for L* , we may take 
finite many coordinate charts on M , 

ip a :V a -t B% p (Q), x^ (xi,--- ,<), a = l, ••• ,m, 

and positive constants C*6 > C7, such that M = U™ =1 ((/? a ) _1 (i?™(0)) and each 



LI : 5g,(0) x R« -> R, (x a ,t/*) k> L T ( ¥> - 1 (x a ),^- 1 (x a )(« a )) 



satisfies 



|^(z Q ,OI <c 6 (i + K| 2 ), 



Ox 
d 2 L 



< C 6 (l + |u 



OL 



8V; 



.a\2 



(x a ,v a ) <C 6 (1 + K|), 

d 2 L 



I 0xf0v c - 



OxfOx® 

^-(x«,v«) <C 6 and ET^O^M^CVIuf 



1 j 



0vf0v c - 
i 3 j 



(3.10) 



(x Q ,u Q ) <C 6 (1 + KH, \—^(x a ,v a ) <(7 6 (1 + K|),(3.11) 



(3.12) 



for r G [0,1], (x a ,u a ) G £™(0) x R n and all u = («!,-•• ,u„) G K n . Moreover we 
have also positive constants C8,Cg and C10 such that 



L T {x,v) >C 8 (HJ-1) V(x,<;)gTM, 

< |«U < C10KI G and s G ^(^(O)), 

where ^ = ElLi<gff L- 

For each k > k , set I k>a := T^O^C 8 ? (°))) and 7fc,a := ¥>a 7fc : 4,< 



(3.13) 
(3.14) 

5?(0). 



Then the third condition in (|3.8p implies that 



^«£?(7fc,a(*W*, a (t)) = d x <*L2( lkja (t),ry k Jt)) or 
7fc, Q (i) = {d vava L^{ lk>a {t)^ a {t))Y l \d xa L2( lk!a (t),^ a (t)) 



-d x ^L^( lk>a (t), 7 i a (t))U a (t)] 



vt G 4„. 
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It follows that 



< 



(8 v <x v a V* 
1 



C 7 



because the second inequality of fj3. 12 j) implies that | (d v a v a L T a k )~ v\ < \v\/C 7 . Hence 



l'Ut)\ < —d xa L^-d xava L^[^ a (t)} 





1 


< 








< 


c% . 






< 


3^ 




3 c 7 


< 


3^ 




3 c 7 


< 


3^ 




3 c 7 



(1 + K(t)|^ (t) /G 

(l + cf/cf) 



by (|3Tll)j) - (|3TT2l . dSHD and $fy . 

Note that / = U™ =1 Ifc iQ , for each k > k . We may deduce that the sequence 
(7^) is bounded in C 2 ([0, 1], M). Passing to a subsequence we may assume that (7^.) 
converges to 7 G C 1 ([0, 1],M) in C 1 ([0, 1],M). Since the sequence (7^) converges 
to 70 in C°([0,1],M), 7 = 70. That is, (7*.) converges to 70 in C^QO, 1],M). It 
follows that min tg r 0! i] L(j k (t),j' k (t)) > ^ f° r sufficiently large k. This and (|3.7p - (|3.8p 
lead to dC{^ k ) = for sufficiently large k, which contradicts to the assumption that 
70 G An(M) is an isolated nonconstant critical point of C on Ajv(M). □ 



Using Theorem 13.31 and Claims 13.41 13.51 and 13.71 we immediately get the following 
key result for the proof of Theorem II. 2f ii). 

Theorem 3.8 Let 70 G Aj^(M) be an isolated nonconstant critical point of C on 
An(M) (and hence a C k nonconstant F- geodesies with constant speed F(jo(t),jo(t)) = 
t/c > 0). Let L* : TM — > M be given by Corollarv \2.3[ Then 70 is a uniformly isolated 
critical point of the family of functionals {C T = (1 — t)C + tC* | < r < 1} too, and 
C*(£ T , 70; K) is independent of r G [0,1]. 

Next we consider the case N = Am and assume k > 4. 

Claim 3.9 Let S 1 • 70 C AM = W 1 ' 2 (iS' 1 ,M) be an isolated nonconstant critical 
orbit of C on AM ( with F(7 (t),7o(t)) = yfc > 0). Let L* : TM ^ R be given by 
Corollary \2. 31 and let L T (x,v) = (1 — t)L(x,v) + tL* (x,v) for r G [0,1]. Then there 
exists a neighborhood of S 1 • 70 in AM, U{S l ■ 70), suc/i that the critical set of each 
C T in U{S l ■ 70) is the orbit S 1 • 70. 
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Proof. From the beginning of the proof of Claim 13.71 ones easily see that S 1 • 70 is 
a critical orbit of each C7 . As in the proof of Claim 13771 by a contradiction, suppose 
that there exist sequences {7^} C AM, {r^} C [0, 1] and [s] G S 1 such that 

Tk ->■ t , 7 fc -> [s] • 70, <i£ Tfc (7 fc ) = and -f k i S 1 ■ 70 Vfc. 

Then it was shown at the end of the proof of Claim [3771 that dC(-fk) = for sufficiently 
large A:. By the assumption that S 1 • 70 C AM is an isolated nonconstant critical 
orbit of C on AM, we obtain 7^ = [sk] • 70 for some [sk] G 5* 1 and each sufficiently 
large fc. This contradiction gives our claim. □ 

Theorem 11.5( h) follows from Claim [3791 and the following result. 

Theorem 3.10 Under the assumptions of Claim HOI C^(C T ) S ■ 70; IK) is indepen- 
dent ofr£ [0, 1]. 

Proof. Since L T = (1 - r)L + tL* and L([s] ■ j Q (t), ([s] • 7o)'(i)) = c for all t G K and 
[s] G S 1 , we have 

£ T ([ S ]-7o) = C VrG [0,1], [s]eS l . (3.15) 
Claim [3791 yields a neighborhood of S" 1 • 70 in AM, ^(S" 1 • 70), such that 

UiS 1 • 70) n K{C T ) = S 1 ■ 70 VrG [0,1], (3.16) 

where K{C T ) denotes the critical set of C T . 

Denote by O = S 1 • 70. Since 70 is nonconstant, it has minimal period \jm for 
some m G N, and O is a 1-dimensional C 3 -submanifold diffeomorphic to the circle 
(ESI page 499]). For every s G [0, 1/m] the tangent space Ty s -\. 10 {S l ■ 70) is M([s] • 70)', 
and the fiber 7V0m. 7o at [s] • 70 of the normal bundle NO of O is a subspace of 
codimension 1 which is orthogonal to ([s] ■ 70)' in Tu^AM. For sufficiently small 
5 > 0, as in |32[ §5] we have a C 2 -diffeomorphism from an open neighborhood of the 
zero section of NO, 

NO{5) := {{y,v) eNO\yeO, ||v||i < S}, 

to an open neighborhood U(0) of in AM, 

* = EXPU 0(5) : ATO(5) -> [7(0). (3.17) 

By shrinking 5 > we can require that U(0) C W(«S' 1 • 70) (hence U(0) con- 
tains no other critical orbit besides O), and that ^({y} x NO(S)y) and have a 
unique intersection point y (after identifying O with the zero section of NO), where 
NO(5) y := NO (6) n NO y and UiS 1 ■ 7o ) is as in Claim [379) Clearly, 

*(y,0)=j/ and *([s] -y, [s] ■«) = [s] -* T (y,«) 

for any (y, u) G NO (5) and [s] G S . It follows that U(0) is an 5' 1 -invariant neigh- 
borhood of O, and that ^ is S^-equivariant. For C T in (j3. 15|) . define 

F T : NO{5) -»• K, (y, u) £ T o tf(y, «). (3.18) 
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It is C 2 °, and satisfies the (PS) condition and 

F T ([s] ■ y, [s] ■ v) = F{y, v) V(y,v) G NO (6) and [s] G S 1 . 

Since C*(£ T , C;K) = C*{F T ', 0;K) for any r G [0, 1], we only need to prove that 

C*(J CT , O; K) is independent of t. (3.19) 

For cr, t G [0, 1] and 7 G AM, we have (f3^) and 

V£ CT ( 7 ) - V£ T ( 7 ) = (r - <t)(V£( 7 ) - V£* (7)). 

From them it follows that there exists a constant Cn > such that 

supjl^^^-^^^l + lV^^^-V^^)! : (y,v) e N(0)(S)} 
<Cn\a-r\ (3.20) 

after shrinking S > (if necessary) because is compact. Using these (|3.19p easily 
follows from Chang and Ghoussoub \18\ Th.III.4]. We may also prove (|3.19p as 
follows. For each fixed a r G [0,1], following |461 Th.2.3] we may construct a Gromoll- 
Meyer pair of O as a critical submanifold of J- T on N(0){8) with respect to — VJ-" T , 
(W(0),W(P)-), such that 

(W(0) y , W{0)-) := {W(0) n N(0)(5) y , W(0)~ n N(0)(5) y ) (3.21) 

is a Gromoll-Meyer pair of T T \n(0)(5) v a ^ its isolated critical point = (y, 0) satisfying 

(w(0) H .„, wcofe) = (H • [*] • w(o)~) 

for any [s] G 5 1 and y G O. 

Slightly modifying the proof of Lemma 5.2 on the page 52 of |16] we may show 
that (W(0),W(0)-) is also a Gromoll-Meyer pair of O as a critical submanifold of 
F a on N(0)(5) with respect to certain pseudo-gradient vector field of F a if a G [0, 1] 
is sufficiently close to r because of (|3.20p . So we may get an open neighborhood J T 
of r G [0, 1] in I = [0, 1] such that 

C4F T ,0;K) = C*(.F CT ,e>;K) V<r G J T . 

Then ()3.19|) follows from this and the compactness of [0, 1]. □ 



4 Proofs of Theorems II. 2111. 3 

Step 1. Prove the corresponding versions of Theorems \1.3\ under a new chart 
around 70 . 

For conveniences of computations we need to consider a coordinate chart around 
70 different from that of (II. 4|) . Recall that Mq (resp. M\) is totally geodesic near 
7o(0) (resp. 7 o(l)) with respect to the chosen Riemannian metric h on M. Let 
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I B t — > (ei (£),-•• ,e n (t)) be a parallel ortho-normal frame along 70 with respect 
to the metric h. For some small open ball 13^(0) C W 1 we get a smooth map 
: I X B% p (0) ->• M given by 

(f)(t,v) = exp 7o(t) ^2viei(t) \ . (4.1) 
Since there exist linear subspaces Vi C W 1 , i = 0, 1, such that 

n 

■we^i. <^ ^Vfcefc(z) G r 7o( j)Mj, i = 0, 1, 
fc=l 

by shrinking /) > (if necessary) we get 

u e ^ n BJ p (0) 4>(h v) G M i; t = 0, l. 
Set V := V X Vi and 

tfy = iy^ 2 (/,]R") := U G VF~ 1,2 (i",R n ) | (£(0U(1)) G V}, 

x y = cir(i,R n ) ■.= {e G C 1 ^") | (^(0),e(l)) G V}. 

Let B 2p (H v ) := {£ G Hy | ||£||i < 2p}. Then the map 

$:B 2p {H v )^A N (M) (4.2) 

defined by $(£)(£) = (j>(t,£(t)), gives a C fc coordinate chart around 70 on An(M) 
with Im(<£>) C O(7o) (because F is only C k on TM \ {0} (k > 2), and hence 70 is 
C k ). Define F : I x BJ p (0) xR"->R by 

x, u) = F(0(t, x), x)[(l, v)}) . 

Then F(t,0,0) = F((p(t,0), D t <f)(t,x)[l]) = F(j (t),j (t)) = y/c. Moreover the C 2 ~° 
function L := F 2 satisfies L(t,x,v) = L(c/)(t, x), D<j>(t, x)[(l, v)]) , and is C k in (/ x 
SJ p (0) x 1") \ Z, where 

Z := {(t,x,v) G I x B» (0) x R" | ^(i, x)[u] = -dt<f>(t,x)}, 

a relative closed subset in 7x5^,(0) xM n . Since 70 is regular, i.e., dt<fi(t, 0) = 70 (i) 7^ 
at each t E I, and d x (f>(t, x) is injective, we deduce that (£, 0,0) ^ Z \/t £ I. It follows 
that I x Bg.(0) x Bg.(0) C J x BJ p (0) xl n \2 for some < r < p. We also require 
?" > so small that 

L(t, x, v) > ^ V(t, x, u) G / x B?(0) x B?(0). (4.3) 

Denote by B 2r (Xy) = {£ G Xy | < 2r}. Then B 2r (X v ) C B 2r (77y). Define 

the action functional 

I : B 2r (H v ) -> M, £ -> £(0 = ^ L(t, m,£(t))dt, (4.4) 

JO 
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that is, C = C o <!>. It is C 2 °, has G B2r(-H"v) as a unique critical point. 
We conclude that the boundary condition (| 1 . 3 j) becomes 

a„L(i, 0,0) [v] = VvGVi, i = Q, 1. 



(4.5) 



In fact, for any X G T 7 ( )Mo there exists a unique v = (v i, • • • , v n ) G Vo such that 
* = Efc=i^e fc (0) = a^(0,0)H. Since 7o (0) = 0(0,0) and 7o (0) = (9*0(0,0) we get 

= <? F ( 7 o(0),7o(0))[X,7o(0)] 
d 2 



dsdr 
d 2 



S = 0,T=0 



dsdr 
d 2 



dsdr 
d 2 



dsdr 
d 2 



dsdr 
d 



S = 0,T=0 



S = 0,T=0 



= 0,T=0 



s =0,r=0 



^(7o(0),7o(0)+sX + r 7o (0)) 
L(0(O, O),(9 t 0(0, 0) + sd v (fr(0,0)[v] + rd t 0(0, 0)) 



(l + r) 2 L U(O,O),a t 0(O,O) + 
(l + r) 2 L U(O,O),D0(O,O)[1, 
(l + r) 2 Z (o,0,-^-< 

V 1 + T 



1 + T 

S 

1 

1 + T 



dv<f>(P,0)[v 



ds 



s=0 



2L(0,0,sv) - sd v L(0,0,sv)[v] 



= d v L(0,0,0)[v]. 

Similarly, we may prove that 17^(70(1), 7o(l))[X, 7o(l)] = VX G T lQ ^Mi if and 
only if d v L(l, 0,0) [v] = Vu G Vi. 

Let ^4 denote the restriction of the gradient V£ to B2 r (^y)- Then A(B2 r (Xy)) C 
I$2r{Xv) and A : &2r{Xv) — > B2 r (Xy) is C . (This implies that the restriction of 
C to B2r(^V) is C 2 .) The continuous symmetric bilinear form d 2 C\& 2r ( x v )(0) on 
can be extended into such a form on Hy whose associated self-adjoint operator 
is Predholm, and has finite dimensional negative definite and null spaces Hy and 
Hy, which are actually contained in Xy. Let Hy be the corresponding positive 
definite space. Then the orthogonal decomposition Hy = H 
(topological) direct sum decomposition Xy = 



no 



Hy induces a 



Xy 



Xy, where as sets X v 



H v = Ker(£>I(0)), X~ = H~ and X+ = Xy D H+. Note that Hy and Xy induce 
equivalent norms on Hy = Xy. By the implicit function theorem we get a r G (0, r] 
and a C^-map h : B T (H V ) -)■ Xy ®X^ with h(0) = such that for each f G B T (H V 



£ + h(0£B 2r (Xy) and (J-P^)A(e + M6)=0, 



(4.6) 



where P° 



— )■ i/y is the orthogonal projection. It is not hard to prove that 
the Morse index m~(7o) and nullity m°(7o) of 70 are equal to dimXy and dim JTy, 
respectively. 

Let L*(t,x,v) = L*(4>(t,x),D<j){t,x)[{l,v)]). Since L*(x,v) = L(x,v) if L{x,v) > 
L*( 7o (t), 7 o(t)) = cVt, and 



L*(t,x,v) = L(t,x,v) if L(t,x,v)> 



2c 



(4.7) 
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In particular, L(t, 0,0) = c implies that L*(t, 0, 0) = c Vt. Define the action functional 

C* : B 2r (H v ) -)■ R, [ L*(t,£(t),i(t))dt, 

Jo 

which is C 2_0 , has G B2 r (.HV) as a unique critical point. 

We firstly check that C* satisfies the conditions of Theorem IA.11 This can be 
obtained by almost repeating the arguments in |32| §3]. For the sake of completeness 
we also give them. It is easily computed (cf. [321 §3]) that 

d£*(m) = J (D q L* (t,7(t),7(t)) • + D V L* (t, 7 (t), 7 (t)) • £(t)) dt 

for any 7 G B 2r (-£/y) and £ G i/y. Write C/ = B 2r (-ffy) and 

C/x := B2 r (i?y) n as an open subset of Xy. 
Then the restriction of C* to C/x, denoted by JZ* X , is at least C 2 and 

^x(7)(C,^) = jf (D W L* (t,7(t),^(t)) >)(*)) 

+£>^L* (t, 7 (t), 7 (t)) (£(*),»)(*)) 
+A, ? L* (i, 7 (t), 7 (t)) (e(t),r?(t)) 

(t,7(t),7W) (£(*),»#))) d* (4-8) 



for any 7 G ?7x> C; 7 ? £ -XV- Let us compute the gradient V£*(7). Define 

G(7)(t) := f [a,# (a, 7 (*),7(a)) " J ^ (4.9) 



for t G [0,1], where c = Jq D v L* (s, 7 (s), 7(a)) ds. Then G( 7 )(0) = = G( 7 )(l), 
and hence G( 7 ) G flj([0, l],W l ) C fl^([0, l],M n ). Moreover 

(p q i* (t,j(t),i(t)) ■ at) + d v l* (t,7(t),7W) -ew) * 

By the Riesz theorem one may get an unique F( 7 ) G W^V, M) such that 

c jf 1 + jf 1 (z> ff z* (t, 7 (t), 7(*)) - G( 7 )(t)) • * = (^(7), e)^i, 2 (4.10) 

for any £ G W F ' 2 (/,R n ). Hence dC*( 7 )(£) = (G( 7 ),O w i,a + (F(?f),S) w i,2 and thus 

V£*(7) = G( 7 ) + F(7). (4.11) 

Since 

{F(frU)w^ = £ ( F (7)W • ffl + | F (7)W • ew) * . 
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(|4.10|) becomes 



D q L* (t,7(t),7(*)) - G(fy)(t) - F(fy)(t)) ■ £(t) dt 



f t F(j)(t) -co)- Ve G W^ 2 (I,R n ). 



(4.12) 



Lemma 4.1 For f G L 1 (I, M n ) i/ie equation 

x(t) - x(t) = f(t) 
has the general solution of the following form 



x(t) 



-2s 



e T f{r)dr 



ds + cie* + 



where Ci G M n , z = 1,2, are constant vectors. 



Setting ?/(i) = x(t) — x(t), this lemma can easily be proved by the standard 
methods. Let constant vectors c\,C2 G M n be such that the function 



z(t) := e l 



-2s 



e T /(r)dr 



(is + c\e + C2e 



(4.13) 



satisfies z(0) = F( 7 )(0) and z(l) = F( 7 )(l) - c with 

/(*) = -DgL*(t j7 (t)^(t))+G( 7 )(t) + co* 

= -D q L* (t,i(t)A(t)) + f D q L*(s,j(s)A(s))ds. 

Jo 



(4.14) 



(We identify each element of W l,2 (l ,R n ) with its unique continuous representation 
as usual). Then for any £ G C 1 (J,R n ) with £(0) = £(1) = it holds that 

1 z{t) ■ i(t)dt = z(t)-i(t) " 



o 



t=0 



z(t) ■ £(t)dt 
(z(t) + f(t)).C(t)dt 

{D q L* (t, 7 (t), 7(*)) " G( 7 )(t) - c t - z{t)) ■ C(t)dt. 
From this and (|4.12p it follows that 



{F(j)(t)-c t-z(t))-at)dt 



\jFmt) - co - m) ■ cm 



for any £ G C^/.K") with £(0) = £(1) = 0. Since F(j)(t) - c t - z(t) is equal to 
the zero at t = 0,1, by Theorem 8.7 in [9] there exists a sequence (u k ) G Cq°(R) 
such that (uk\i)k converges to F(j)(t) — c$t — z(t) in W l,2 {I, R n ) (and hence in 
C(I, W 1 )). In particular we have u k (i) — > because F(fy)(i) — co-i — z(i) = 0, i = 0, 1. 
Define « fc : J -> R n by v k (t) = u k (t) - u k (0) - t(u k (0) - u k (l)) for each k G N. 
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Then vu G C°°(I,R n ) and ffc(O) = Ufc(l) = for each k, and (ufc)fc converges to 
F(fy)(t) - cot - z{t) in W 1 ' 2 ^, M n ). Let k ->■ oo in 



(F(7)(t) - cot -«(*)) -«fc(t)d* 



F(7)(t)-co-i(t)) 



we obtain 



|F( 7 )(t)-c t-z(t)| 2 dt 



and therefore F( 7 )(i) = c^t + z(i) Vi G I since both ^(7) and z are continuous on /. 
By dH3J), ([411 and (gXP we arrive at 



F( 7 )(i) 

vr(7)(t) 



e T f(r)dr ds + cie* + C2e * + coi, 
e T f(r)dr ds + cie* + c 2 e~* 
+ / ( S ,7( S ),^( S ))d S , (4.15) 



where c%, ci G R n are suitable constant vectors and /(t) is given by ()4.14p . By (|4. 15|) 
the function VjC*( 7 )(i) is differentiable almost everywhere, and for a.e. t € I, 



/ e~ 2s / e T f{r)dT ds + e"' / e T /(r)dr 
+cie* - c 2 e-' + D V L* (t, j(t),^(t)) . 



(4.16) 



Let A* denote the restriction of the gradient V£* to Ux- Clearly, (|4.15p and f|4. 16|) 
imply that A* (7) G Xy for 7 G L/^r, and that L/x B 7 i-> ^4* (7) G Xy is continuous. 
Furthermore, as in the proof of [321 Lemma 3.2] we have also 

Lemma 4.2 The map A* : Ux — > Xy is continuously differentiable. 

From (|4.8p it easily follows that 

(i) for any 7 G Ux there exists a constant C( 7 ) such that 

id 2 £^(7)(e,T?)i < cm\a\\w^ ■ h\\ w ^ e 

(ii) Ve > 0, 3 (5o > 0, such that for any 71,72 G t/x with || 7 i — -72 1| c 1 < ^o> 

I d 2 £ x (7i )(£,??) - <i 2 £x(72)(^)| < • IMIww 77 G Xy. 

(i) shows that the right side of (|4.8p is also a bounded symmetric bilinear form on 
Hy. As in [321 §3] we have a map B* : Ux — > L s (Hy), which is uniformly continuous, 
such that 

(DA*m,ri) w ^ = d 2 C* x (m,v) = {B*m,v)wi,2 (4-17) 
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for any 7 G Ux and £,77 € Xy. Namely (|A.2|) is satisfied. Almost repeating the 
arguments in |32j §3] we may check that the map B* satisfy the conditions (Bl) 
and (B2) in Appendix |A"1 Summarizing the above arguments, (£, A* , B*) satisfies 
the conditions of Theorem I A . 1 1 (resp . Theorem IA.5|) around the critical point G Hy 
(resp. £ ly). By (fPj) and fllTD for any 7 G B r (X v ) we have 

L*(t,7(i),7(i))=^>7W,7(*)) Vt € /. (4.18) 

This implies that 

i*( 7 ) = i( 7 ) VjeB r (X v ), and B*(0) = 5(0), (4.19) 
where the map B : B2 r (Xy) —> L s (Hy) is determined by the equation 

d 2 C x (m,v) = {Bm,v) w i,2 V7 G B 2r (X y ), £,77 G X V . 
By shrinking 6 in (|4.6p so small that 

Z + h(t)€Br(X v ) V£gB t (F°), (4.20) 
it follows from this and (|4.19p that the C 1 -map h in (|4.6p satisfies 

(/ - P°)i*(£ + h(0) = V£ G B r (tf° ). 
Let £*°,£° : B r (#° ) -> R be defined by 

£*°(£)=£*(£ + M6) and £°(£) = £(£ + MO) • (4.21) 
Then P~20D and pgf lead to 

£*°(£) = £*(£ + M£)) = £(£ + M£)) = £°(£) (4.22) 
for all £ G B T (Hy). By Theorem lA.ll we obtain the following splitting theorem. 

Theorem 4.3 Under the notations above, there exists a ballB v (Hy) C B T (Hy), an 
origin-preserving local homeomorphism tjj from B v (Hy) to an open neighborhood of 
G Hy such that 

£*o^(£) = (P+£,P+£) W1 , 2 - (Py^PyOw^ +C*°(P v V£ G B v (Hy) . 

Now Corollary IA.2I gives rise to 

C ? (£*, 7 o;K) = C,(£*,0;K) = C' g _ m - (7o) (£* ,0;K) Vg = 0,l,---, (4.23) 

and C*(£*°,0;K) = C*(£°,0;K) by (jM!) . From (j¥^3l) and Theorem ESI we arrive 
at the following shifting theorem. 

Theorem 4.4 C q (C, 70; K) = C q (£, 0; K) = C q _ m - M (£°, 0; K) Vg = 0, 1, • • • . 
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By Theorem IA.5I there exists a ball B^(Xy) C B T (Xy), an origin-preserving 
local homeomorphism (p from B^(Xy) to an open neighborhood of in Xy with 
if(B^(X v )) C B r (X v ) such that 

£*\x v o #o = ^(o^.e 1 }^ + + e°) (4.24) 

for any f G B /i (Xy), where £° = and £ x = £ - £°. Since /x < r, from (|^7f|) and 

(j4l8]) - (j439]l we derive that (f4724|) becomes: 

£|x v ° 0(0 = ^(0)^,^)^1,2 + £°(£°) G B M (X V ). (4.25) 

Since Xy = H v , * = 0, — , as in the arguments below Theorem IA.5I the following 
splitting theorem may be derived from (|4.25p by changing fj, > and dp suitably. 

Theorem 4.5 Under the notations above, there exists a ballB^(Xy) C T$ T (Xy), an 
origin-preserving local homeomorphism dp from B^(Xy) to an open neighborhood of 
in Xy such that 

£\x v om = ^(B(0)P+^P + Ow^ - \\P-£\\wi* (4-26) 

for any £ G JS^Xy), where £* = -P*£,* = — ,0, + and £° is as in {^.21^ . 

Remark 4.6 It is easily shown that W v ' 2 (I,W n ) = W 1,2 (J,R n ) and C v (I,R n ) = 
Cg(/,lR n ) if Mq and M\ are two disjoint points. For the latter case along the proof 
lines of |16l Th.5.1] Caponio-Javaloyes-Masiello proved (14.26P in |1 1 1. Th.7] and hence 
the shifting theorem C*(£\x v , 0; K) = C„._ m -( 70 )(£°, 0; K). They also claimed that 
(29) of [H], or equivalently C*(£, 0; K) = C*(£|x v , 0; K), can be obtained with Palais' 
theorems 16 and 17 in [5T] as in [17] , A detailed proof of such a claim is not trivial and 
was recently given in |12] with Chang's ideas of [14] , Different from [14] the gradient 
of £ is not of the type identity plus a compact operator and thus the deformation 
retracts yielded by the flow of it cannot be assured to be also continuous in Xy. A 
new technique was introduced to overcome this difficulty. 

Step 2. Complete the proofs of Theorem \1.2\ 11.31 

Note that the differential at of the chart $ in (|4.2j) . 

n 

d$(0) : Hy -> T 10 A N (M) = W^^TM), £ ^ 

i=i 

is a Hilbert space isomorphism and 

EXP 7o (dd>(0)0(t) = exp 7o(i) ((d<&(0)0(*)) = 

for f G B 2r (iTy) := {£ G Hy | ||£||i < 2r}. That is, EXP 7o o d$(0) = $ on B^lfy). 
Since £ = £ o $ on B 2r (Fy) by we get 

£ o EXP 70 o d$(0) = £ o $ = £ on B 2r {H v ) (4.27) 
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and thus V(£ o EXP 7o )(d$(0)£) = d$(0)V£(£) for all £ G B 2 r(i?y). It follows that 

.A(d$(0)£) = d*(0)i(O V£ G B 2r (H v ) n Xy, (4.28) 
Di(0)od$(0) = d$(0)oi)A(0) (4.29) 

because the Hilbert space isomorphism d&(0) : Hy — > T 70 Ajv(M) induces a Ba- 
nach space isomorphism from Xy to T 7o Af = T 7o C^(/, M). (I4.29D implies that 
d$(0)(#£) = H*(d 2 £|^( 7o )) for * = -,0,+, and so 

#(0)oF*=F*o#(0), * = -,0,+. (4.30) 

Shrinking 5 > above dUBJ so that 5 < r, (OUjl . (OH]) and (JUB]) lead to 

= d$(0)o(J-P v )i(d$(0) _1 C + Md$(0) _1 C)) 

= (/ - P°) o d$(0) o A o d^O) -1 (C + d$(0) o &(d$(0) -1 C)) 
= (/ - P°) o ^(C + d$(0) o ^(d$(0) _1 C)) 

for C G B <5 (H°(d 2 £| A -(7o))). Recall that we have obtained (/ - P°).4(C + h(Q) = 
for any £ G B5(H°(d 2 £|;t(7o))) above f)1.6j) . By the uniqueness of h there, h(Q = 
d$(0) o /i(d$(0) -1 C) and hence 

£°(d$(0)£) = £oEXP 70 (d$(0)£ + /t(d$(0)£)) 

= £ o EXP 70 o d$(0) (f + d^(O)" 1 o fr(d$(0)0) 

= £oEXP 70 od$(0)(C + M0) 

= + =£°(0 V£gB 5 (#°) (4.31) 

by (TO]) . (jOTJ and the definition of £° in (IQTj) . Hence C(£ , 0;K) = C*(£°, 0; K). 
(That is, this and Theorem 14.41 give the first equality in Theorem 11.41 too.) 

In order to prove Theorem 11.21 by Claims 13.51 13.71 and Theorem 13.81 it suffices to 
prove (hi)-(iv). Note that d$(0) (B S (H V )) = B S (T 70 A N (M)) and (|3~2"9"jl implies that 

(PU,PyOw^ = (#(0)oP^,#(0)oP*e)i 

= (P*od$(0)£,P*od$(0)£)i (4.32) 

for £ G B^iJy) C B T (i?y) and * = +,-. Moreover, as in f)4.27j) we have 

C* o EXP 70 o#(0)=ro$ = £* on B 2r (H v ). 

Define i> : B s (T l0 A N (M)) -> T l0 K N {M) by V = d*(0) o ^ o [d^O)] -1 . For £ G 
B 5 (T 70 AAr(M)) and £ = [d$(0)] _1 C we get 

C* o EXP 70 o ip(C) = C*o EXP 70 o d$(0) o^o [d$(0)] _1 C = £* o 
£°(P°C) = £ o (P o d$(0)£) = £°(d$(0) o = £°(P££) 

by (|4,3ip . These, (I4.32|) and Theorem 14.31 give Theorem II. 2f iii) after shrinking 5 > 
such that 5 < rj. 
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As to Theorem 1 1 . 2( iv) . for any open neighborhood W of in U = &2r(Hv) and 
a field K, writing Wx = W n Xy as an open subset of Xy and using Theorem IA.9I 
we deduce that the inclusion 

(t c n w x ,c* c n w x \ {o}) ^ (c* c n w, £* n w \ {o}) 

induces isomorphisms 

H* (^C* c nWx,C* c nWx\{0};Kj = iJ* (r*n w;£*nTy\{0};K) . 

The expected conclusion follows from this immediately. 

Finally, let us prove Theorem II .31 Since d<&(0) is a Banach isomorphism from Xy 
to C^ n (jqTM) we may choose e > such that 

[^(O)r 1 (B e (Ci iV (7o*TM))) C B M (Z V ). 

By (j429D , IU(0)od$(0) = d<S>(0)oDA(0) = d$(0)oS(0). So for £ G B^C^^TM)) 
and £ = [d<J>(0)] _1 C we have 

d 2 £\ x (7o)(C + ,C + ) = d 2 C\ x (lo)(P + C,P + 
= (DA(0)P+(,P+Oi 
= (DA(0) o d$(0) o P+£, d*(0) o P+Oi 

\\p-C\\wv = p-Qww = (p~ d*(o)£, ^ o d$(0)O W M 
= (#(o)op-^,#(o)op-o r , 2 
= (p-£,p-£) 1 = ||p-£||f 

by <|On|> . Define tp : B £ (^ JV (7jTM)) -»• C^ N (j%TM) by p = d$(0) o <^o [d^O)]" 1 . 
As above these and Theorem 14.51 yield Theorem 11.31 □ 



5 Proof of Theorems Eft [EE, EH, HTS1 
5.1 Stronger versions of Theorems II. 5L II. 6L 11.7 

Write % = AM for conveniences. Let 70 £ H be a nonconstant critical point of £ 
such that S 1 -7Q 1 is an isolated critical orbits of C on for some integer m G N. Write 
O = S* 1 • 70 as before. The m-th iteration map tp m defined in (|1.21|) is an embedding 
and it also satisfies ip m (0) = S 1 • 7™ and 

C o ip m = m?C and 

ip m ([ms] ■ a) = [s] ■ ip m (a) Va G H, [s] G S 1 . 
Clearly, (p m induces a bundle embedding (p m : TH — > TH given by 

(x,v) (x m ,v m ), (5.2) 
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where v m (t) = v(mt) for t G 5 1 . Consider the equivalent Riemannian-Hilbert struc- 
ture on TH: 

(Z,il)m=m 2 f m,v(t))dt+ ! (V^(t),Vfy(*))(ft. (5.3) 
Jo Jo 

Then ip m : (%, (•, — > (H, (■, -) m ) is an isometry up to the factor m 2 , that is, 

{<Pm(0,<Pm(ri))m = m 2 (£,r))i V£,T]eTH. 

Denote by Nip m (0) the normal bundle of ip m (0) with respect to this metric. Its fibre 
Nip m (0)j^ at 7™ is the orthogonal complementary of 7™M in (T^H, (•, -) m ). Note 
that Nip m (0) = NO if m = 1. As in (l3~T8]l we define 

.F r : fitp m (0)(yffi8) -> K, (y, i/) ^ £ T o EXP(y, u) (5.4) 

by shrinking 5 > if necessary. It is C 2 ~°, and satisfies the (PS) condition and 

J- r ([ S ] • y, [s] ■ v) = ^(y, v) V(y,v) G N<p m (0)(y/E8), V [s] G S 1 . 

We also write J" : = JT° and J"* := J -1 . Let 

XiV> m (C>) = T Vm[0) X n iV> m (e>), 
N<p m (0)(e) = {(x,v) G N<p m (0) | Hvllwn.a < e}, 
XN Vm {0){e) = {(x,v) G XN<p m (0) \ \\v\\ cl < e} 

for e > 0. They become the sets in (jl.lip for m = 1. If e > is sufficiently 
small, the map EXP in (j!.12p restricts to a diffeomorphism from the normal disk 
bundle Nip m (0)(e) onto an open neighborhood Jv(ip m ((D),e) of ip m (0) in H. Denote 
by Nip m (0)(e) x and XN(p m (0){e) x the fibers of N<p m (0)(e) and XNip m (0)(e) at 
x G cp m (0), respectively. Let V denote the gradient with respect to the metric in 
flO)) , and let 

Ar be the restriction of the gradient VF to N(p m (0){e) x n XA r (^ m (0) x . 
It is clear that 

i s . x (s .«) = /»• A» Vs G 5 1 , u G N<p m (0)(e) x D XNy m {0) x . (5.5) 

If 5 > is small enough is C 1 in XNip m (0)(5) x (and so £ o EXP\ X ^ is 
C 2 ) by (I5TT2]1 . (J533D, ([532]), (1Q9|) and (|R1~4]) . Denote by ^ the symmetric bilinear 
form d 2 (C o EXP|jfjv95 TO (O)(e) x )(0a:)- By (i) above Claim [p] we see that it can be 
extended into such a form on Nip m (0) x , also denoted by B x , whose associated self- 
adjoint operator is Fredholm, and has finite dimensional negative definite and null 
spaces H_~(B X ) and H°(B X ) such that H~ (B x ) + H°(B X ) is contained in XNip m ((D) x . 
With respect to the metric in (15 .3D we have an orthogonal decomposition 

N<p m (0) s = H-(4)©H°(4)©H+(4) 
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(according to the negative definite, null and positive of B x ), and hence a natural C 2 
Hilbert vector bundle orthogonal decomposition 

N<p m (0) = H-(B)eH°(B)eH + (B) (5.6) 

with H*(B) X = H*(B X ) for x G ip m (0) and * = +,0,— because B s . x (s ■ £, s ■ rj) = 
B x (£,r]) for any s £ 5 1 and x G ip m (0). Clearly, ()5.6[) induces a C 2 Banach vector 
bundle (topological) direct sum decomposition 

XN(p m (0) = U~(B)+-H.°(B)X(U + (B) n XiV^ m (0)). (5.7) 

Note: // the symbol " in all notations since \5. 3\) are moved out we understand the 
corresponding results to be with respect to the metric in M.l\) . 

Since both dim H~(B X ) and dimH~(i? x ) (resp. dimH°(i? 2: ) + l and dimH°(B x ) + 
1) are equal to the Morse index (resp. nullity) of the symmetric bilinear form d 2 (£o 
EXP\t x x)(0 x ), we obtain 

rankH"( J B) = rankH"( J B) and rankH°(£) = rankH°(J3). (5.8) 

That is, they are equal to Morse index m~ (np m ((D)) and nullity m (ip m (O)) of ip m (0), 
respectively. Let P* be the orthogonal bundle projections from Nip m (0) onto H*(I?), 
* = +,0,-, andletH°(£)(e) = H°(B)nN(p m (0)(e) for e > 0. Note that H° (B) (e) C 
XNtp m (0) and that for any 5 > we may choose e > so small that H° \B){y/me) C 
XNip m (0)(5) since H°(i?) has finite rank. By the implicit function theorem, if e > 
is sufficiently small for each x G ip m (0) there exists a unique C 1 map 

fj x : H°(S)(V^e)x -> H-(B) X +(B+(B) X D XNtp m (0) x ) (5.9) 

satisfying f) x (0 x ) = X and 

(P+ + P;)o4( w + ^))=o Vi)eH°(5)(^4. (5.10) 

By (|5.5p the map fj x is also S^-equivariant. Define the functional 

C° A : H°(B)(y/me) B {x, v) -> £ o EXP X (u + ^(u)) G R. (5.11) 

It is C 1 and has the isolated critical orbit (p m (0). By (pUH . (|533D, (1512t (f5739D and 
(|B.14p we may see that the restriction of C° A to each fiber H°(B)(->/rne) x , denoted by 
C° Ax , is C 2 . The following theorem includes Theorem [T3] as a special case (by taking 
m = 1). 

Theorem 5.1 Under the above notations, there exists a C k convex quadratic growth 
Lagrangian L* : TM — > R such that (i) in Theorem \1.5\ and the following hold: 

(ii) The corresponding functional C* in (jl.24\ ) is C 2 ~° in Ti. All functional C T = 
(1 — t)C + t£* , t G [0, 1], have only a critical orbit (p m {0) in some neighborhood 
of (p m (0) C %, and each C T satisfies the Palais-Smale condition. Moreover, 
C*(jC*,ip m (0);K) = C*(£,^ m (e>);K). 
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(iii) By shrinking the above e > (if necessary) there exist a S 1 -invariant open neigh- 
borhood U of the zero section of N(p m (0), a S l -equivariant fiber-preserving, con- 
tinuous and fibrewise C 1 map f) given by 115. y\) and 115. 1U\) . and a S 1 -equivariant 
fiber-preserving homeomorphism T : Nip m (0)(y/rne) — > U such that 

P* o T(u) = \\P + uf m - ||P-u||^ + fr A (P°u) 

for all u G Np m (0)(y/rne) , where ||£||^j = {£,Qm- Moreover, 

T((P" +P )Nvm(O)(V^e)) C XN<p m (0) f 

and T : (P~ + P )Nip m (O)(^me) -> T((P" + V )N<p m (O){^me)) is also a 
homeomorphism even if the topology on the latter is taken as the induced one 
by XNtp m (0). (This implies that Nip m (0) and XN(p m (0) induce the same 
topology in T((P~ + P°)N<p m (p){^)) ■) 

(iv) Let P* x be the restriction of P* to N{^p rn {0))(^f ; m5)C\T L p m ^X . For any open 
neighborhood W of <p m ((D) in N{(p m {0)){y/m5) , write Wx '■= W PiT^r^X as 
an open subset ofT^i^X, then the inclusion 

{[P* x ) e n Wx, {P x )e n W X \ Vm{0)) ^ ((J*) e n W, (P*) e D W \ Vm{0)) , 
where e = m 2 c = m 2 £(7o), induces isomorphisms from 

H* ([P X ) e n W x , (P* X ) e n W x \ <p m (0);K) 

to H* [iP*) e n W, (P*) e HW\ <p m (0); K\ , where K is a field. Moreover, the 
corresponding conclusion can be obtained if 

{{P X )e n W x , (P X ) e n W x \ Vm{0)) and ((.F*) e D W, (P*)e fl W \ <p m (0)) , 

are replaced by ({P* x )° e fl^U <pm(0), {P* X )° e n W X ) and ((P*)° e D W U 
<p m (0),(P*)° e nW), respectively, where (P* x )° e = {P* x < e} and (P*)° e = 
{P* < e}. 

(v) If P* x and P* in (iv) are replaced by P x and P, respectively, then the cor- 

responding conclusion also holds true, where P x is the restriction of P to 

By Section [3l for example, Claim [3T9l and Theorem 13.101 Theorem I5.1( i)-(ii) and 
hence Theorem ll.5f i)-(ii) are clear. It is not hard to see that (iv) and (v) imply 
Theorem II. 5f iv) and (v), respectively. 

The following splitting lemma includes Theorem 11.61 

Theorem 5.2 Under the above notations, by shrinking the above e > (if necessary) 
there exist a S l -invariant open neighborhood V of the zero section of XNip m (0), a 
S 1 -equivariant fiber-preserving, continuous and fibrewise C 1 map t) given by \5.9) and 
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\5. 10\) . and a S 1 -equivariant fiber-preserving homeomorphism ^ : X N ' ip m (G)(y/rne) — > 
V such that 

P x o $(x, v) = ±<Pc\ x (x)(P+v, Ptv) - \\P-V\\ 2 m + C Ax (P° x v) 

for all (x,v) G XNip m (0){^e). 

Clearly, C° Ax is S^-invariant. Let C*(£° Ax ,0;~K) s * denote the subgroup of all ele- 
ments in C*(C Ax ,0; K), which are fixed by the induced action of S x on the homology. 
The following is a generalization of Theorem 11.71 

Theorem 5.3 Let K be a field of characteristic or prime to order \S^ m \ of S^m. 
Then for any x G ip m (0) and q G N U {0} ; 

^m-(S' 1 -7™)(H (-B)a!,H (-B) x \ {0 X };K) igi C ? _ m -(, s i. 7 m)_ 1 (£^ a .,0;K)J 

-^m-(5 1 -75 n )( H (" B )^' H \ { a;};IK) <g> C q _ m - ( S l.^rn)(£° Ax ,0;K) ^ 

provided m~(S 1 ■ 7Q l )m°(5 1 • 7Q 1 ) > 0. Moreover, 

C q (C, S 1 -7™;K) = (C^OC^, 0;K)) fl£ (C ? (£^,0;K)) tfi 
i/m"(5 1 • 7™) = and m ^ 1 • 7ft 1 ) > 0, and 

d&S^j^K) = H q (H-(B),Br(B)\<p m (0);K) 

(H q - 1 (U-(B) x ,H.-(B) x \{0 x }-K) 

H q (U-(B) x ,U-(B) x \ {0 x };K)Y x 

ifm-iS 1 ■ 7J 1 ) > and m^S 1 • 7^) = 0. Finally, C q (C,S l • 7^;K) = H q (S l ;K) for 
any Abelian group K if m~{S l ■ 7™) = m°(S' 1 ■ 7™) = 0. 

The proof of this theorem does not need Theorem 15.21 

When C is replaced by C* , we have the corresponding A* x and B* for x G cp m (0), 
and hence the C 2 Hilbert vector bundle orthogonal decomposition and C 1 Banach 
vector bundle (topological) direct sum decomposition as in (|5.6p and (|5.7|) . 

N(pm(P) = il^(B*)(BU (B*)(BU + (B*), 

XN<p m {0) = B.-(B*)+H°(B*)+(H+(B*) n XN<p m (0)). 

(Since H _ (5*)Th°(2?*) C XN(p m (0) has finite rank the bundles Nip m (0) and 
XNip m {0) induce an equivalent topology on it. See [33^ Lemma 3.15] for a proof.) Let 
P be the corresponding bundle projections from Nip m (0) onto H*(J3*), * = +,0, — . 
By Corollarv 12.31 we have 

!*(<;) =!,(<;) V(x,v) G XNO(e) x (5.12) 
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(shrinking e > if necessary), and hence B* = B x for any x G ip m (0). The latter 
implies that 

H*(5*) = H*(5) and P* = P*, * = +,0,-. (5.13) 
It follows from this, (|5.12p and (|5.10p that the C 1 map t] x in (|5.9p satisfies 

(P++P-)oi;( W + LW)=0 to G H°(B)(V^e)x. 

Define C 1 the functional 

C*l : H (I?*)(Vme) 9 (x,t/) -> £* o EXP x (u + ^(^)) G R, (5.14) 

which has the isolated critical orbit <p m (0). Later we shall prove that the restriction of 
C* A to each fiber H°(B)(y/rne) x , denoted by C Ax , is C 2 . Clearly, C*£ x is ^-invariant 
and has an isolated critical point X . By Corollary 12.31 and (|5.1ip we have 

= C* oEXP x (v + t, x (v)) 

= CoEXP x {v + t)x(v)) =C° Ax (v) (5.15) 

for any v G H°(B)(y/rne) x = H°(5*)(- v /me) x . (shrinking e > if necessary). Hence 

C q (£° Ax ,0;K) = C q (£% x ,0;K) (5.16) 

for any x G ip m (0) and q = 0, 1, ■ ■ ■ . 

As below Lemma |4.2( for every x G <p m (0) there exists a continuous map 

B x : XN<p m {0)(S) x -> L s {N<p m {0) x ) 

such that for any Q G XjV<£>m(C)(^)a; and £, rj G Nip m ((D) x , 

Clearly, B*(0) = 5*. The proof of the following proposition will be postponed to 
Section 15.31 

Proposition 5.4 (Nip m (0)^ 1 , XNip m (0)^ 1 , .F*m, A*m, B* m ) satisfies the conditions 
of Theorem \A.1\ ( and hence Theorem \A.5\) around the critical point 7™ = 7 ™ . 

The notations in this subsection and following subsection seem to be complex a 
bit, but they shall be convenient for Section [6j 



5.2 Proposition 15.41 leading to Theorems 15. 1L 15. 2L 15.3 



Clearly, Proposition 15.41 implies that (N(p m (0) x , XNip m (0) x , F*, A* x , B*) satisfies 
the conditions of Theorems IA.ll I A. 51 around 0^ for each x G (p m (0). (Indeed, let 
[s] G S 1 such that x = [s] ■ 7™. Using the Hilbert isomorphism N(p m (0)jm — y 
Nip m (0) x and Theorems IA.41 [A. 81 ones easily prove them.) By Theorem IA.1I and 
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(|5,12p we obtain a ^-invariant open neighborhood U x of X in Nip m (0)(5) x and a 
S^-equivariant origin-preserving homeomorphism 

T x : N(p m (P)(y/Ee) x -> (5.17) 

(shrinking e G (0, 1) if necessary), such that 

P x o T x («) = ||P+n||^ - \\P x u\\ 2 m + P x (P° x u + L(PS«)) (5-18) 

for all u G N(p m {0){y/^) x . T x also maps (Pj+£°)ifym(0)(>/me)x into XiV(^ m (0) : 
and 

f x : (P- + Pl)N<p m (0)(Vme) x -> T x ((P~ + £°)jfy m (0)(Vroe) x ) 

is a homeomorphism even if the topology on the latter is taken as the induced one 
by XNip m (0) x . Moreover, the ^-invariant functional 

H°(B*)(V^e) B z ^ P x °(z) :=P x (z + $ x (z)) (5.19) 

is C 2 , has the isolated critical point X G H°(B*) and d 2 P*°(Q x ) = 0. Obverse that 

t*l x {v) = toEXP x (v + t) x (v)) 

= f*°(v) Vv G B9(B*)(y/me) (5.20) 

because of ()5.14p and the definition of F* in (I5.4p . 

Let U be a ^-invariant tubular open neighborhood of the zero section of Ntp m (0). 
It is a fibre bundle over ip m {0). By shrinking U we may require that the fiber of U 
at x is given by U x in (|5.17p . Define maps T : N (p m {0){y/rne) — > U and 

t) : H°(B*)(Vme) -> H _ (B*)©(H+(S*) n XN<p m (0)) 

b y *liW(0)«(Vffi^ = ^ and 5lHP(B«).(Vme) = ^ for &Ily X G res P ectivel y- 
Here both t) x and are given by (|5.9[) and (|5.17p . respectively. Since 

A* s . x (s ■v) = s- A* x (v) Vs G 5 1 , v G XN<p m (p)(e) x , 

K x (s • e, « • 77) = r?) Vs G 5 1 , x G ^(O), £, r? G N<p m {0) x , 

as in the proofs of Theorem 7.3 and Corollary 7.1 in [16|, page 72] it follows from 
these, (|5.9p - (|5.10p and (|5. 15[) that (j is a 5 1 -equivariant fiber-preserving, continuous 
and fibrewise C 1 map and that T is a S^-equivariant fiber-preserving homeomor- 
phism from N(p m (0)(\/rrie) onto U. So we obtain the first claim in Theorem 15 . 1 ( in) . 
The second may be derived from either the above arguments or the corresponding 
conclusion in Theorem A. 2 of [33} I34j. 

By completely similar arguments we may use Theorem I A. 51 to derive Theorem 15. 2 1 

Now we prove Theorem 15. lf iv)-(v) and Theorem 15.31 
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Firstly, we prove the latter. If m°(S 1 - ^q 1 ) = m (S 1 -^q 1 ) = 0, by Theorem l5.1f iii) 
we have F* o T(u) = m?c + for all u £ N^p rn (0)(^/me), and hence 

C»(4 S 1 • 7o m ;]K) = O* (J"* , S 1 ■ 7o m ;I[C) = C*(.F* o T, S 1 ■ 7o m ;If€) 
= H*({P o T < m 2 c} U S 1 • 7o m , {f*oT < m 2 c};K) = H^S 1 • 7o m ;IC) 
= H*(S rl ;K) because we have assume 70 to be nonconstant. 

If either m ^ 1 • 7™) = and m"^ 1 • 7^) > or m ^ 1 • 7ft 1 ) > and m"^ 1 • 
7™) = ones easily see the desired conclusions from the following proof in the case 
m°(S 1 • 7Q 1 ) > and m~(S 1 • 7™) > 0. For the proof of the final case it suffices to 
prove: 

Claim 5.5 Let K be a field of characteristic or prime to order \S} f rn\ of S^m- For 
any x € (p m {0) and q = 0, 1, • • • , it holds that 

H m - (31.^(11- (B) X ,H.-(B) X \ {0 X };K) ® C q __ m - {s i .^{1 



(ff m - (5 i. 7oro) (H-(S),,H-(B),\{Oj;K)®0 ? _ m - (5 i. 7oTO) _ 1 (^,0;K) 



Proof. Since the map 5 1 x N(p m (0) x — > Nip m (0) with (s, i;) 1— > s ■ v is a normal 
covering with group of covering transformations ([25j page 500]), so is the map 
S 1 x W x — >• W with (s, i>) i-)- s • v for any subset W C Ntp m (0) with properties 

= s ■ "fc VxepmiO^seS 1 , (5.21) 

where tfc. = TV n Np m ((D) x , Then W = {S 1 x W x )/Sl, where S* acts on S 1 x tfc. 
by covering transformations as described above. 

Recalling C\o = c let e = m 2 c = F*\<p m (o)- Since (p m (0) is compact and e £ (0, 1), 
there exists an integer / > 1 such that Nip m (Q)('\/me l ) x C £4 and hence 



T- 1 (iV^ m (C»)(v / ^e%J C N<p m (0)(V^e) x . 
Then it is easily seen that 

W := Nip m {0){Vme l ), W n {P* < e} and (W \ ip m (0)) n {.F* < e} 
satisfy (|5.2ip . It follows that 

C g {P, ip m {0); K) = n {-F* < e}, \ <p m (0)) D {-F* < e};K' 

= ^((S 1 x (W, n < e}))/5l, (S 1 x ((W x \ {0 X }) n {P x < e}))/Sl;: 
= ^((S'x^t^xA^iK), (5.22) 

where 

A, = N(p m (<D)(yfiRJ) x n {J£ o T x < e}, 

= (iY> m (0)(vW) x . \ {Ox}) n {P x o < e}. 
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The final equality in (15.22h comes from the fact that T x 1 is a S.j.-equivariant homeo- 
morphism from 

{S 1 x (w x n {P* x < e}), S 1 x {{W x \ {%}) n {P* x < e})) 

to {S 1 x A X ,S 1 x A' x ) by (foTTHD . Let 

Ncp m (0)(V^e 1 )- := Ntp m (0)(yftKe l ) x H (H~ (S)^©H°(i?) x ), 

which is a finite dimensional C 3 -smooth manifold contained in XN(p m (0). Define 

(P* x o T x )-° : N Vm (0)(V^e 1 )- ->• E (5.23) 

by (^oT^^ + u ) = -||«-|^ + ^(t; + M« )) = -\\v-\\ 2 m + P* x °(v ). It is C 2 
because of fljZrep . Obverse that (S 1 x A*, S 1 x A'J can be retracted S^-equivariantly 
into (S 1 x A~°, S 1 x A'-°), where 

A-° = iYV m (0)(vW)-° n {(P* x o t,)- < e}, 

A'-° = (^ m (0)(v^e')-° \ {0,.}) n {(Pi o f x y° < e}. 

From this and f|5.22j) we derive that 

C q (P*,ip m (0);K) = H q ((S 1 x A^/SKS 1 x A'" ) / S l x ,K) . (5.24) 

Using either Satz 6.6 on the page 57 of [42 j or the proof of Lemma 3.6 in [2] (with 
Theorem 7.2 on the page 142 of [7]) we know that the transfer is an isomorphism 

H^S 1 x A-°)/Sl (S 1 x A'-°)/Sl;K) = H^S 1 x A'^S 1 x A' X 7°;K) S * . 

This, ()5.24p and the Kiinneth formula lead to 

C q (P*,<p m (0);K) = H q ^(A x °, A'-°;K) S * ®H q (A x °, A'-°;K) S \ (5.25) 

As in the proof of Theorem 5.5 on page 51 of |16j we may obtain 

H q {A-°,A'~°;K) 
= H m - (Vmm (H-(B)(^e) x ,dH-(B)(V^eUK)® 
= H m - {ipmm {H-(B) x ,H-(B) x \{0 x };K) ® C q _ m - {ipm{o)) (P x ,Q x] K) 

for all q = 0, 1, • • • . (See the proof of Lemma 4.6 in [31]). This and ()5.25|) give 
Claim 15.51 immediately. □ 

Now by Theorem l5.in i) for q G N U {0} we have 

C q (C^ m (0)-K) = C q (C*,ip m (0);K) = C q (P*, <p m (0);K). 

Moreover, (^T5l) and (OU]) imply t° Ax {v) = t*£ x {v) = Pl°{v) for any x G O and 
v G H (B)(y/me) x = H°(B*)(^/me) x . Theorem [53] follows from these and Claim [531 
immediately. 
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Another proof of Claim [5751 It follows Theorem 15.21 that for any gGNU {0}, 

C q (f x ,<p m (0);K) = C,(j x o$^ m (0);K) 

= C q {(T x o*)- ,tp m (Oy,K), (5.26) 

where (P x o $)~° : N<p m (0)-°(p) = N<p m (0)(p) n (H - (5)©H°(5)) -> R is defined 
by 

(J* o *)-°(a;,t;) = -||P-«C + £^(P^) (5.27) 

for very small p > 0, and the second equality in ()5.26|) is obtained by the standard 
deformation method as done above (3.6) of [33| . Taking W to be 

{(f X o§)-° < m 2 c} or = {{P X o < m 2 c} \ W m (0)} 

we have = (S 1 x Vl^.)/^ and hence 

C 9 ((J- X o$)-°,^ m (0);K) 
= F 9 ((5 1 x {(f x o §)"° < m 2 c})/S x , (S 1 x o $)"° < m 2 c} \ {Q.}))/^; k) . 

Almost repeating the arguments below (|5.24p in the proof of Claim [5751 we arrive at 

Claim 5.6 Let K be a field of characteristic or prime to order \S^m\ of S^m. For 
any x G ip m (0) and q = 0, 1, • • • , it holds that 

C q (T x ',<p m (0);K) 

= (^m-(s 1 -7^)(H~ (B) X ,H~~ (B) x \ {0 X };K) © C q _ m -( S i-j™)(£ Ax ,0;^j) 

© (H m - {S i^)(Hr (B) X ,H~ (B) x \ {0,.}; K) ® C q _ m - (s i. J n l) _ 1 (L o Ax ,0; K)) ". 

As the reasoning of (I5.26p . using Theorem 15. lf iii) we derive 

C q (P,<p m (0);K) = C q {P o T,p ro (0);K) = o T) _0 , 9? m (0); K) 

for each ?eNU {0}, where (P o T) _0 is defined by (I5T23D . By (I5T20D and (jSTUD , 
.F*°(«) = = C° A (v) for v G iV^ m (O)- (p) if p > is small enough. So 

(jr* o T)-°(x, iT + v°) = -\\v~ f m + C° Ax (v°) = {P x o $)- (x, v- + v°) 

for (x,«- +v°) G iYv3 m (O)- (p) by ([5727]) . It follows that 

C 9 ((^oT)- , fc (O);K) = C q ({F x o *)-°, ^(0);K) 

and thus 

C 9 (r,^ m (0);K) = C ? (^ Jf ) ^ TO (C»);K) VgGNU{0} 

by ([57JSD . This and Claim ESI lead to Claim [531 □ 

Theorem ll.5( i) and the excision property of relative homology groups imply 
C q (f* x ,<p m (0);K) = C q {F x ,cp m (0);K) V<? G NU {0}. 
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Claim 5.7 If "K is a field, for each q € N U {0} the group 

C q {P x ,<p m (0);K) = C q (P,<p m (0);K) 
is a finite dimensional vector space over K. 

Proof. As in the proof of [HJ (7.15)] we use Proposition A.l in [8] to derive that 
dimC q {P,ip m (0);K) 

< 2 ^dimCg^-^i.^^^OjK) +dimC g _ m - (s i. 7 m ) _ 1 (J'* o ,0;K)) 

for any x G <p m (0) and g£NU{0}. By [Ml Remark 4.6] or [331 Remark 2.24] we 
know that C q {JF*° , 0; K) is finite dimensional and dimC g (.F* o ,0;IK) = for almost 
all q. Of course, this claim can also be proved with the method therein. □ 

Claim 5.8 For any open neighborhood W of ip m ((D) in N(<p m (0))(y/m5), write 
Wx = W nTpfQjX as an open subset of T^ m ^X , then the inclusion 

({P X )e n W X , (P X )e n W X \ <p m {0)) ^ {{P)e D W, {P) e D W \ (p m (0)) , 

where e = m 2 c = m 2 C('yo), induces surjective homomorphisms from 

H* ((P x )e n W x , {P x )e n W x \ ¥> m (0);K) 

to ({T*)e n W, {P) e DW\ <p m (0);K\ for any Abelian group K. 

This may be obtained by Corollary 3.3 of [33]. For clearness we present its proof 
with the proof method of \3i\ Cor. 2. 5] since it shows that we need not to assume the 
normal bundle of O to be trivial in Theorem 3.17 of [33j . 

Proof of Claim [5.81 If the closure of W in N(fp m {0)) is contained in the interior 
of N(tp m (0))(y/rn6), it is easy to show that the closure of Wx in T^r^X is also 
contained in the interior of N{(p m {0)){^/m5) D T^r \X when the latter is equipped 
with topology of T^iq\X. By the excision of relative homology groups we only need 
to prove Claim I5T81 for some open neighborhood W of <p m (0) in N ({p m (0)){yjrn8) . 

Since H-(B)(i/)©H°(B)(i/)9H + (B)(j/) C Ncp m (0){yfcie) for v G (O.^/me/3), 
we may take 

W = T(H-(S)(^)©H°( J B)(^)©H + (B)(^)), V = T(H-(fl)(i/)©H°(5)(i/)). 

Consider the deformation r/ : W x [0, 1] — > W given by 

rj(f(x, u~ +u° + i) = f(x, tT + u° + tu + ). 

It gives a deformation retract from (J"* n W, f* e n W \ (/? m (0)) onto (J"* n V", f* e n 
y \ (/9 m (0)). Hence the inclusion 

/ : (P e nv,f* e nv\ <p m (p)) n ^ rw \ <^ m (0)) 
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induces isomorphisms between their relative singular groups. This means that for 
each nontrivial a 6 H q ( P* n W, T* e D W \ <p m (0); K) we can choose a relative singular 
cycle representative of it, c = ^ ■ (fycrj, such that 

\c\ := Ujaj(A q ) C P* nV and \dc\ cP*nV\ <p m (0). 

By the second conclusion of Theorem l5.1l fiii) we deduce that c is also a relative singular 
cycle in [P* x n V", H V \ ip m (0)), denoted by cx for clearness. Precisely, if i v 
denote the identity map from (P* x nV, P* x nV\ip m ((D)) to (P*nV, P* e C\V\ip m {0)) 
then i v (cx ) = c. Let j w denote the inclusion map from (P* x nw, P* x nW\<p m {0)) 
to (P* n W, P* n W \ (f m (0)) . Then I, i v , j w and the inclusion 

/ x : ( P* x n V", J- e * x n v \ <p m (0)) ^ [P* x n W, P* x n w \ <p m (Oj) 

satisfy I oi v = j w o . Since I* ( [c] ) = a we obtain 

a = I m o (i v Ucx\ = (j W )* o (/ x ),[cx] = ((!*).[<*]). 

Claim [5\8l is proved. □ 

Now for a field K those surjective homomorphisms in Claim ISTHl are isomorphisms 
because two sides are vector spaces of same finite dimension by Claim 15.71 This 
completes the proof of the first claim of Theorem I5.1l fiv) . Similarly, the second claim 
of Theorem I5.1f iv) can be proved as that of Claim 15.81 □ 

Proof of Theorem I5.1( v). Take a small open neighborhood V of <p m (0) in T^iq^X 
such that its closure is contained in the interior of Wx and that P* x and P x are 
same in V. Then 

((r x ) e nv,(r I ) e nv\^(0)) = ((P x ) e nv,(P x ) e nv\ip m (0)). (5.28) 

By the excision of relative homology groups we deduce that the inclusion 

{(P* x ) e n v, (P* x ) e n v \ <p m {oj) {(P* x ) e n w x , (P* x ) e n w x \ <p m (0)) 

induces isomorphisms between their homology groups. This and Theorem I5.1( iv) 
imply that the same claim holds true for the inclusion 

I™ : {(P* x ) e nv,(P* x ) e nv\<p m (0)) ^ {(P*)enw,(P*) e nw\<p m (0)). (5.29) 

By Corollary I2.3( L* < L and hence £* < £ and J-* < J-. The latter implies 

((P) e nw,(P) e nw\if m (0)) c ((P*) e nw,(P*) e nw\<p m (0)). (5.30) 

Moreover, by (|5.28j) we have also the inclusion 

r w : ((P x ) e nv,(P x ) e nv\<p m (0)) ^ ((P) e nw,(P) e nw\<p m (o)). (5.31) 

Hence I vw = ho J vw and thus I™ = h* o , where h is the inclusion in O0| . 
Since the homology groups of pairs in (|5.29|) - (|5.3ip are isomorphic vector spaces of 
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finite dimensions by Claim 15.71 I* w are isomorphisms by Theorem I5.1( iv) , both /i* 
and J^ w must be isomorphisms as well. 

As above the excision leads to that the inclusion 

{(f x ) e n v, (T x ) e n v \ <p m (Oj) ^ {(f x ) e n w x , (f x ) e n w x \ <p m (0)) 

induces isomorphisms between their homology groups. Composing the inclusion with 

{(P x ) e n W x , (^ x )e n w x \ <p m (0)) ^ {{P) e n W, (f) e n w \ tp m (p)) (5.32) 

we get J vw . It follows that the inclusion in (|5.32p induces isomorphisms between their 
homology groups. Theorem 15. lf v) is proved. □ 



5.3 Proof of Proposition 15.41 

Since M is not necessarily orientable the bundle -f^TM — > S 1 might be nontrivial. 
Define E a := diag(cr, 1, • • • , 1) G M nxn , where 



c = cr(7o) - 



+1 if 7 *TM ->■ S 1 is trivial, 
— 1 else. 



Fix a Riemannian metric h on M and write I = [0, 1]. Viewing 70 as a 1-periodic C k - 
map from M to M, by parallel transport with respect to the Levi-Civita connection 
of h we can choose a unit orthonormal parallel frame field 

T = T a : [0,1] (7o\i)*TM, m ( ei (i),.-. ,e„(i)) 

such that (ei(l),--- ,e n (l)) = (ei(0),--- ,e n (0))E a . Clearly, such a field extends 
uniquely to E^-l-invariant unit orthonormal parallel frame field of along 70, 

f ff :M9tH JqTM, 1 1 ^ (ei(t), • • • , e n (i)), 

that is, it satisfies (ei(i + l),-- - ,e n (t + l)) = (ei(i),--- ,e n (t))E a \/t G R. All vectors 
in 1" will be understand as row vectors without special statements. 

From e±, ■ ■ ■ ,e n , we may obtain a E^m- 1-invariant field along 7™, 

(ei(t),--- ,e n (t)) := (e 1 (mt),-- - ,e n (mi)), 

that is, it satisfies (ei(t + 1), • • • , e n (i + 1)) = (ei(t), • • • , e n (t))E a m Vi G M. 
A curve £ = (£1 , • • • , £ n ) : K — >■ M n is called E^m -1-invariant if 

f (t + 1) T = E a m£(t) T Vt G M. 

Here denotes the transpose of the matrix £(t) as usual. Let X a m = C^ m (I,M. n ) 

be the set of all E a m- 1-invariant C 1 curves from K to M n . It is a Banach space 
according to the usual C7 1 -norm. Denote by 

H a m and H a m 



50 



the completions of X a m with respect to inner products 

{tv)l,am = J[(£(t),Tl(t))v> + (i(t),V(t)h"]dt 

and 

(t,V)o*» = J[m 2 {Z(t),v(t)h" + (i(t),ri(t))un]dt (5.33) 
respectively. As sets both H a m and H a m are same subsets of W^m(I, R n ), i.e., E a m- 

1 2 

l-invariant W-J curves from R to R n . Write 

HCIIV" = \J (^Oi,<r m and H£lU m = \/ (£> 0<t« 

the induced norms by the above inner products. Clearly, X a m is dense in i^o-m and 
-ffo-m, and ffo-m = H a m as Hilbert spaces if m = 1. Since 

n 

^^•(i + lje^t + l) = (ei(t + l),--- ,e n (t + l))(ei(t + l),--- ,^ n (i + l)) T 

3=1 

= (ei(t),--- ,e n (t))£; CT m^(a(t),--- ,U*)) T 
= (ei (*),••• ,e n (i))(£i (*),••• ,en(t)f 

n 
3=1 

we obtain Hilbert space isomorphisms 

3 a m : # CT m -» (T 7 m^, (•, (resp. iT CT m ->■ (T^H, (■, -) m ) ) 

given by J CT m(£) = X^j=i?j^j- Under the isomorphisms J CT and 3 CT m the iteration 
<fm '■ T~f H — > Trymfi in (j5.2[) corresponds to the map 

(p mcJ \ H a ->■ fl^m (5.34) 

given by ^ mCT (£)(*) = £ m (*) = H mt ) Vf G R. So c£ m o 3f ff m = (p nm o 3 a . 
With the exponential map exp of h we define the C k map 

i»:Kx B% p (Q) -> M, (t,t;) exp 7 ™ (i) ^^^^(t)^ 

for some small open ball 5^,(0) C R™. It satisfies 

4>a m {t, x) = 4> a (mt, x), D<f> a m (t, x)[l,v] = D(j) a (mt, x)[m, v], 

4>cr m (t + l,x) = (f>cr m (t, (E a mx T ) T ) and 

D(f>cr m (t + l,x)[l,v] = D<j> a m(t, {E a m X T ) T )[l, {E a m V T ) T \ 

for (t,x) € R x Sop(0) (by shrinking p > if necessary). This yields a C fc coordinate 
chart around 7™ on 

§ a m : BapC^m) := {£ G H^m \ \\£\\ am < 2p}^U 
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given by <3v™(£)(t) = <?W(i, for £ £ B 2 p(-ff (T '"). Note that d<I> CT m(0) = 3 m . 
Let us compute the expression of C* in this chart. Define 

L* am (t,x,v) = L* (t, x), D(f> a m. (i, x) [(1, v)]) . (5.35) 

Then for any t E K we have L* m (i, 0, 0) = m 2 c, 

L* am (t + l,x,v) = L*(cl) (T m(t + l,x),D<j) a r n (t + l,x)[(l,v)]) 

= L*((t> am (t,(E am x T ) T ),D<i> am (t,(E am x T ) T )[l,(E am v T ) T }) 

= L^m(t, (E a mX T ) T , (E a mV T ) T ) 

and 

D x L* am (t + l,x,v) = D x L* am {t,{E^x T ) T ,{E (J mv T ) T )E am , 
D v L* am (t + l,x,v) = D v L* a m(t, (E a mx T ) T , (E a mv T ) T )E a m.. 

It follows from these that 

L* am (t + l,Z(t + l),£(t + l)) = L*^(t,(E am Z(t + l) T ) T ,(E am i(t + l) T ) T ) 

= L* ro (i,£(t),£(t)) VteR, (5.36) 

D x L* a m(t + l,C(t + l),i(t + l)) = D x L* m (t,C(t),i(t))E a m \ft € M., (5.37) 

£> v L^,(i + l,f(i + l),f(t + l)) = D v L* am (t,£(t),i{t))E„rn VteR (5.38) 

for any £ e B2p(-ffo-™) since f (t + 1) T = E am £(t) T and £(i + 1) T = E am £(t) T . Define 
the action functional £*m : ^2p(H a m ) — > K by 



£;„,(£)= /" L* am (t,t(t),i(t))d-t- 

Jo 



Then £* m = £* o$ CTm on B 2 p(fl £r ™). We claim that it is C 2 ~°. In fact, let V m £* m be 
the gradient of £* m on # CT m. Then for £ G B 2p (F CT ™), V' m £* m (£) is given by (jB~T4|) 
and ()B.17p . From those we derive 



^ „mi />oo 

n —mt rt 



mt poo _ 

V m X; m (0(t) = — J e~ ms {D x Ll m {s^{sU( S ))-<5 m t(s)) ds 

f e ms (D x L* am {s,Z(s),t(s)) - <& m Z)(s)) ds 

J — CO 

1^ D v L* am (s, £(s),i(s))ds) diag 0-^-, 1, • • • , l) 
+ D v L* am {t,£(t),i(t)). (5.39) 

Here <5 m ^ is given by (|B.17ft . Let A* m be the restriction of the gradient V m C* m 
to B 2p (H CT m) n X a ™. Then i* (B 2/ ,(-ff CT m) n X a ™) c X CT m. As in the proof of [32J 
Lemma 3.2] it follows from (|B.14p . (|B.17|) and ()5.39|) that A* a is C 1 as a map from 
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the open subset H2p(H a m) n X a m of X a ™ to X a m (and hence the restriction of £* m 
to B2p(-ffcr m ) n Xg-m, denoted by £*m, is C 2 ). Since 

d 2 c*M)(t,r,) = [ [i> w ^(*,c(*),c(t))(e(*)^(t)) 

jo L 

+D f0 L^,(t, 7 (t),7(t)) (£(t),r)(*)) 

+Ai^; m (t,c(t),c(i))(ew,^)) 
+£>«-^(t,c(t),c(<))(e(t) J »7(t))]^ 

for any £ G B2 P (-ff o -™)nX -m and £,r? G X CT m, it is easily checked that the correspond- 
ing properties to (i) and (ii) below Lemma B~2l hold for £*m, that is, 

(i) for any £ G I^p^o-™) fl there exists a constant C(£) such that 

|d 2 £^(C)(^,r/)| < C(C)||e||a«. • \\v\\o*» Ve,7? G 

(ii) Ve > 0, 3 <5 > 0, such that for all (1, C2 G B 2p (^ CT m)nX (T m with ||Ci — C2 Ho 1 < ^o> 

\d 2 C*^(Cimv) ~ d 2 C^(C 2 m,v)\ < eML™ ■ Mam V^r/ G X CT ™. 

It follows that there exists a continuous map B* m ■ T$2p{H a m) n X CT m — >• L s (H a m) 
with respect to the induced topology on B2 P (H a m ) D X CT m by X ff m, such that 

(<L4^(C)&»7>«™ = d 2 £*^(c)(e,7?) = (5^(0^,7?)^ 

for any £ G B2 / j(-H -m) n I ff m and £,77 G X CT m. These and similar arguments to those 
of [32] lead to 



Claim 5.9 (H a m , X„m , £* m , A* m , i?*m ) satisfy the conditions of Theorem \A.l\ around 
the critical point G H a m . 

For m = 1 let us write a m = a below. Obverse that £* has one-dimensional critical 
manifold 5 := ^(S 1 • 7o n Im($ ff )), and that T 70 (5 1 • 7o ) = 70M C W l > 2 {%TM). 
Since d$ CT (0) = J CT is an isomorphism there exists a unique Co G H a = H a satisfying 
cZ$ CT (0)(Co) = 7o- That is, for any t G R, 
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1°® = T **( s Co)(f) = j- ex P 70 W I S«Cofc(t)efc(<) = ^Cofc(*)efe(*)- 
s s s s \fc=i / fc=i 

Hence h(jo(t),ej(t)) = Coj (*) f° r an Y i £ ^ and jf = 1, • • • , n. Clearly, T S = (qM.. 
The normal space of S at G S is the orthogonal complementary of £0^ in the Hilbert 
space H a = H a , denoted by -ff CT ,o- Note that Co €E X CT and that 

Co m = ¥w(Co)eX ffCT and 3 CT «(C m ) = (7o) m - (5.40) 

Let Ha m ,o be the orthogonal complementary of £q™M m -ffo-" 1 ) an d let X ff m g := H^m^n 
X a m. Then (^ mcr also maps X CT) o = H a Q n X CT into X CT m i0 := H a m )0 n -X" mcr by (|5,40p . 
Denote by £* m the restriction of £*m to TS2p(H a m ). Then 



v L a™,o{£) - v ^<t"44) ii7mii2 Co I 5 - 41 ) 

llso Ho-" 
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for £ G B2p(-ff,r m ,o)- It follows that the restriction of V m £ o -m )0 to B2p(# -"\o)nX (T m ! o, 
denoted by A* m , is a C 1 -map into X a m t Q, and 



A* m , (0 = (0 - ^Irp^C (5-42) 

llso Ho- 11 



for £ G B2 P (-ff CT ™ ) o) H Iff"!^. Let £*m be the restriction of £*m to B2p(-ff CT ™,o) H 
I ff m o, and let -B* m (C) b e the extension of the continuous symmetric bilinear form 
d 2 {C* a l „)(£) on o for £ G Bap^™, ) D X a m, . Then 



R* _ R* (jfg™ (O 7 ?) Co )o- m A m w c rV 

1 1 SO Her" 



It is easy to see that B* m : H2p{Ha m ,o) H ^ CT ™,o — >■ L s (H a m ) is continuous with 
respect to the induced topology on H2 P {Ha m ,o) D X^m^ by X^m^, and 

(di^otex,^ = d 2 (£^ i0 )(e)(c,7?) = (s^ococ,^ 

for any £ G B2p(-£f CT m ,o) Hl^o and C,?7 G Xo-m g. By Claim [5791 and Theorem IA.3I 
we obtain 

Claim 5.10 (H a m , X a m >0 , £* m , A* a m , -B^™ o) sa ^ s fy the conditions of Theorem \A.l\ 
around the critical point G H a m . 

Remark 5.11 Prom the arguments above Claim [5791 one easily sees that the condi- 
tions of Theorem I A . 51 are satisfied for (H a m , X a m , £* m , A* a m , B* m ) around the critical 
point 0. By Theorem IA.7I (H a m , X a m , C* a m , A* am , B* m ) satisfies the conditions 
of Theorem IA.5I around the critical point too. 

As in (I3.17D let \P 7 ™ denote the restriction of EXP|jV(p m (o)(5) to Nip m (0)^(S). 
Assume <5 < 2p. For £ G Bj^m), by the arguments above (|5.35|) we get 

= exp 7 m (t) = ex P 7o m (t) (( d$ ^ m (0)C)(*)) 

= 4r 7 m(^(0)C)(i). (5.43) 

That is, ^' 7 mO(i$ o -m(0) = ^o-™ on ~Bs(H a m). Recall that £*m = £*o$ 
and J"*™ = £* o $ 7 m by (|574j) . These and (^7451) lead to 

O d$ CT m (0) = £* O * 7 m o (0) = £* O $ CT m = £^ m 

on Bj(ff ff m ), and hence 

J^m od$ ffm (0) = £*™ on B 5 (# CT ™ ). (5.44) 
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Since 3 a m = d& a ™,(0) restricts to a Hilbert space isomorphism 3 a m ,o from i/<T m ,o to 
Nip m (0)~frn and a Banach space isomorphism 3^ m from X a m a to XNip rn (0)y™, by 
(|5.44|) ones easily prove A*m = 3* m Q o A*m )0 o (3;fm )0 ) _1 and 

B*m(£) = 3 a m ;0 O B* m ((3 CT m i0 ) _1 C) ° {^a m fl)~ l V£ G Bj(J? ff m ) Pi X a m >0 . 

By Claim ETC] and Theorem E3 (Nip m (0)^, XNip m {0)^, f*rn , i*m , B*™) satis- 
fies the conditions of Theorem I A . 1 1 ( and hence Theorem lA.5p around the critical point 
7o l = 7 m. Proposition 15.41 is proved. □ 



5.4 Proof of Theorem 11.81 

Step 1. Proving p > 0. By a contradiction argument we assume p = 0. 
Case 1. ?n°(S' 1 • 7 ) = 0. Since m - (7 ) = 0, by Theorem O we have C q (£,0;K) = 
H q (S 1 ;K) and hence C q (£,0;K) = for q ^ {0, 1}. By the assumption p must be 
larger than zero. 

Case 2. m°(S 1 ■ 70) > 0. Since m~(7o) = we derive from Theorem 11.71 that 

Coi^S 1 -7o;K) = (Q,(£^„0;]K)) 5i Vx G S 1 - 7 o, 
CiOC.5 1 -7o;K) = {C (£° Ax , 0; K)) 5 * © 0; K)) S * Vx G S 1 • 7o . 

Hence p must be more than zero too. 

Step 2. Proving (i). If m°(S 1 -j ) = 0, then C* o EXP oT(n) = ||u||? for any u G NO{e) 
by Theorem ll.5( iii). Moreover C* < C and £* = £ on S" 1 • 70. The claim follows 
directly. 

If m°(S' 1 • 70) > 0, by Theorem 11.71 for any x G S 1 ■ 70 we have 

+ Cxi^S 1 - 7 o;K) = (C (£^,0;K))^ © (d(£^, 0;K))^, 
= CMAS 1 • 7 o;K) = (d(£^,0;K))^ © (C 2 (C Ax , 0; 

It follows that Co^^, 0;K) / 0. By Theorem 4.6 on the page 43 of [E] X must be 
a local minimum of C° A . This and Theorem ll.5( iii) imply that x is a local minimum 
of C* and hence of C because C* < C and C* = C on S 1 • 70 as above. 

Step 3. Proving (ii). If m°(S 1 ■ 70) = 0, by the proof of Case 1 in Step 1 we have 

C p (C,0;K) =H p (S 1 ;K) = since p > 2. 

This case cannot occur. Hence it must hold that m°(S 1 • 70) > 0. By Theorem 11.71 

+ C^S 1 - 7 o;K) = (C^iOC^K))* 5 © {C p (£° Ax ,0;K)) S K 
= Cp+UAS 1 . 7 o;K) = (C p (£° Ax ,0;K)) S * © {C p+1 (£° Ax ,0;K)) S * 

for any x G 5 1 • 70. It follows that C p -i(C Ax , 0; K) 7^ 0. By Example 1 on the page 
33 of [16] 0^ may not be a local minimum of C° Ax . This and Theorem 11.61 imply that 
x is not a local minimum of C\x and thus of C. □ 
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6 Critical groups of iterated closed geodesies 

In this section we always assume that O = S 1 • 70 and ip m {0) = S 1 ■ j™ are two 
isolated critical orbits of £ in H. Theorem 1 1.91 is equivalent to the following theorem. 

Theorem 6.1 Let K be a field. Suppose that m~(0) = m~ (ip m (0)) and m (O) = 
m (<p m (O)). Then there exist S 1 -invariant neighborhoods Ui of <pi(0), i = l,m, 
^ m (Wl) C U m , such that ip m induces isomorphisms 

(<p m ), (£ c nWi,£ c n(Wi\ {£>}); K) -> 

H* (c m2c n U m , C m 2 c n {Urn \ W m {0)});K) . 

Here c = £\o and hence m 2 c = >C| ¥ , m (o) by 115. 1)) . (In particular, ip m induces isomor- 
phisms from C*(£, 0;K) to C*(>C,</3 m (0);]K) .) 

As in the proof of [32^ Theorem 5.1] this is also equivalent to the following 

Theorem 6.2 Let c = £(7) and take a small e > such that c ± e and m 2 c ± m 2 e 
are all regular values of C Then there exist topological Gromoll-Meyer pairs of C at 
O and if m (0), (W^Wf) and {W^W^), such that 

(W U W{) C (C-^c-e^ + e^JCT^c-e)), 

(W2, W2) C (£~ 1 [m 2 c - m 2 e, m 2 c + m 2 e], £~ l (m 2 c — m 2 e)) , 

(<Pm(Wi),<p m (WD) C (W 2 ,Wt) 

and that (p m induces isomorphisms 

{ifm)* : fl,(Wi,WT;K) -> H,(W 2 ,W^). 

Here the so-called topological Gromoll-Meyer pair we mean the homeomorphism im- 
age of a Gromoll-Meyer pair. 

Theorem 11.101 is contained in the following result. 

Theorem 6.3 Let K be a field. Suppose that rn (O) = m (ip m (O)). Then for any 
x £ O it holds that 

dimC*(£° Ax ,0;K) = dimC*(£° Axm ,0;K) = dimC*( m £° Axm ,0;K). (6.1) 
If the characteristic of K is zero or prime to orders of S^ and S* m then 

dimC*(£ Ax ,0;K) s * = dimC*(£° Axm , 0;K) S *™ , (6.2) 
dimC*(£ Ax ,Q;K) s * = dimC*( m £^ m , 0; K) s ^ . (6.3) 
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6.1 Proof of Theorem 16.11 



Comparing with the case considered in Riemannian geometry as in [25] there exist 
the following two problems which form obstructions for using the methods of [25] : 

• So far one has not proved a splitting lemma around O for the functional C on the 
Hilbert manifold H = KM; 

• There exists a splitting lemma around O for the restriction C\x of the functional C 
to the Banach manifold X = C 1 (5 1 , M), but C\x does not satisfy the (PS) condition 
and hence has no so-called Gromoll-Meyer pairs. 

Our Theorem I5.1( v) will help us overcome these difficulties. Follow the nota- 
tions in Section 15.11 Note that (p m o EXP = EXP o (p m and that (p m (NO (5)) C 
Nip m (0)(y/m5). Clearly, Theorem 16.11 is equivalent to 

Proposition 6.4 Under the assumptions of Theorem \6.1\ there exist S l -invariant 
neighborhoods U\ of O in NO(5), and XA m of <p m (0) in Nip m (0)(y/m5), such that 
(p m (Ui) C lA m and that (p m induces isomorphisms 

fe).:ff*(J : 6 nMi I J c n(W l \{0});K) -> 

H* (P m 2 c n U m , P m 2 c n (Um \ {ip m (0)});K) . 

Write Uf = U\ nXNO (resp. U x = U m nXNip m (0)) as an open subset of XNO 
(resp. XNip m (0)). By Theorem 15. l( v) the inclusions 

((F x ) c nu x 1 {F x ) c c\U x \o) ^ (F c nUi,T c nu\0) 

and 

((F x ) m 2 c c\U x ,(F x ) m 2 C c\U x \tp m (0)) (J r m 2 C nw m ,J m 2 c nw m \i/) ra (0)), 

induce isomorphisms among their relative homology groups. Moreover these two 
inclusions commute with (p m . Hence Proposition 16.41 is equivalent to 

Proposition 6.5 (p m induces isomorphisms 

(<p m )* : H*((T x ) c nU x ,(T x ) c nU x \ 0;K) -> 

H*((J rX ) m 2 c r)U x , {F x ) m 2 c r\U x \ ip m (0);K). 

Take a S^-invariant open neighborhood V\ (resp. V m ) of O (resp. ip m (0)) in 
XNO (resp. XNip m (0)) such that Vi C U?, V m C U x and (p m (Vi) C V m . By the 
excision property of relative homology groups Proposition 16.51 is equivalent to 

Proposition 6.6 (p m induces isomorphisms 

{(p m )* :^((.F x ) c nVi,(-F- Y ) c nyi\0;lIC) 

H,({F x ) m 2 c n y m , (/ x ) m2c n V m \ <p m (P);K). 
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Assume that Theorems ll.6j, 15.21 take the same e by shrinking. We need to study 
the relationships between V, f), \& in Theorem 11.61 and V, f), SI? in Theorem 15.21 It 
suffices to restrict to the case of a fibre. 

Let C a fl and 4 m ,o be the restrictions of C a and £ CT ™ to f$2s{H a fi) and B 2 ^;5(-ff CT ™ i o)> 
respectively, where 

C a (0= f L a (t,Z(t),i(t))dt V£ G B 2S (H a ), 
Jo 

J o 

and 

L a (t, x, v) = L(<f>(t, x),D<j>(t, x)[(l, u)]) , 
L am (t,x,v) = L((p m (t,x),D<j) m (t,x)[(l,v)]) 

as in (15.35|) . With the same deduction as that of (I5.44p we may obtain 

F 10 o d<Z> a (0) = £ CT)0 on Bi^o), (6.4) 
J 7 »o# jm (0)=£ (r « i o on B v ^ 5 (i? <T m j0 ), (6.5) 

by shrinking 5 > 0. Note that 

L a m(t,X,v) = L\(j) a m{t, x), D(f> a m(t, x)[(l, v)f\ 

= L^(j)(mt,x),D(p(mt,x)[(m,v)]) 

= L(c/>(mt,x),mD<fi(rnt,x)[(l,v/rn)]') 

= m 2 L((fi(mt, x), D(f>(mt, x)[(l, v/m)]) 

= m 2 L a (mt,x,v/in). (6.6) 

(Here we use the homogeneity of Fl) Let (p ma : H a — > H a m be as in (|5.34p . It 
is a Hilbert space embedding up to a factor m 2 by (|5.33p . that is, 

Since C m (t + 1/m) = ?»(t)E a for £ m G ^(B M (H ff )) C B^^) it is easily 
checked that for all t G R, 

+ -,r(*+ -),(r i )"(t+ -)) = )•(<)), (6.7) 

mm m 

D x L am (t + -,e m (t + -), (r)-(t + -)) 

mm m 



D v L a m (t + -,r(t + -), (r )■(* + -)) 

mm m 



DA^^rW.D'W)^, (6.8) 

-Mr )■(*+-)) 

7i m 

^^(t.rw.D'WK' (6-9) 
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Since (15.36|) - (15.38j) also hold when L* m is replaced by L a m, for £ m = ip ma (0 G 
(p m a(B 2S {H tr )), by dSZD and {ES} we get 

/•l/m 

CMC 1 ) = rn LMt,C(t),(C)(t))dt 



"l/m 

m I L (T m(t,£(mt),m£(mt))dt 



-l/m 

m 3 I L a (mt,£(mt),£(mt))dt 



= m 2 C a (0- (6.10) 
As in (|5.4ip the gradient of C a m ,0 at £ £ B 2 (H a m ) is given by 



v m £ CTm ,o(e) = v m cM0 - - : "2 Co • 



III 



In particular, for £ G E^^-ff^o) we have 



V£ CTi0 (0 = V£ CT (0 - (V£ ,^i?2 Co)l ' CT Co- 

IICo||l,a 



By Claim EH for f G B 2 a(.H t r) we get 
(V^£ CT m(r),Co m )^ Am _ (^(V^(0),C m )^ Am _ - / <V^(Q,Co)i,^ 

||/-m||2 ^0 — ||/w||2 ^0 — Vma \ \\/-\\2 ^ 

IISO Hcr m 1 1 SO Hcr m y 

and hence 



V m 4»o(r) = £w(V£ CT ,o(6) Ve G B 25 (iJ CT)0 ), 
i CT ™,o(0 = ¥w(Ar,o(£)) v £ G Bm^o) n X a>0 . 

From these, (|5^]l - (|53]l and (IBTTUI) it follows that 

^7 m (^(e)) =m 2 J- 70 (O, V£ G NO(25) 10 (6.11) 

V-F 7o ™(^ m (e)) = ^m(V^ 70 (0) V£GiV0(25) 7o , (6.12) 

^ (&*(£)) = £m(^y (£)) Ve G iVO(25) 70 n XiV0 7o , (6.13) 

-B 7 ^ <^m = S 70 • (6-14) 

Recall that J 7 ^ is the restriction of F l0 = C o EXP-yJjv^)^ to T~ j0 X. Let 

1 

2' 

/3 7 » + a 7( » G XNO(t) 10 



•^°*7o(«) = ^7o(P7o^ P 7o^-|l P 7"o U ll?+ £ A7o( P 7o U ) 



as in Theorem 11.61 where a 70 (i>) = £^ 7o (P 7Q f), and let 

= $jm (y) + o 7 m (v) W G XNO(y/me)jm 
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as in Theorem 15.21 where a^™-(v) = £% y m(P®rnv). 

Recall that the C 1 -maps f) 7o : B e (H°(£ 70 )) -»• H~(5 70 ) + H+(5 70 ) n XNO l0 
and t) 7 - : B^H ^™)) -> H^i^m) + H+^m) n XN<p m (0)^ are uniquely 
determined by the equations 

(p-+P+)A 7o (e + f, 7o (C)) = V£EH°(i?)( e ) 7o , (6.15) 
(P^ + P+™)i 7 ™(£ + 6^(0) = V£ e H°(fl)(^e) 7 m, (6.16) 

M°) = °. ^(o) = o 

with the implicit function theorem. By (|6.14jl we have 

^(H'(iJ 70 ))cff(%), * = -,0,+. (6.17) 

Now ([6TT5D implies that ,4 7o (f + f) 7o (£)) E H°(5 7o ) for any £ E H°( J B)(e) 7o . This and 
([6T3]) lead to 

h°(5 7(Y o 9 ^ m (^ 70 (c + mo)) = A m (^(e) + &»(M0)) 

and hence 

(P^ + P+Oi^^) + £ ro (M0)) = V£ E H°( J B)(e) 70 . 
By the implicit function theorem this and (|6. 16|) imply that 

= (K («)) VC E H°(B)(e) 7o . (6.18) 
It follows from this and (|6.1ip that 

= £»p(r+Mr)) 

= ™ 2 A 70 (e) V^H°(B)( e ) 70 . (6.19) 

This, ([SUD and (IBTTSjl lead to 

a^m{v)) = m 2 a 10 (v) Vu E P° (XNO(e) J0 ), (6.20) 
M^OO) = ™ 2 /3 7( » W E (P+ +p-)(XiVO( e ) 70 ). (6.21) 
Carefully checking the proof of Theorem 2.5 in [26] it follows from (|6.1ip - (|6.14p that 
^>^{(p m {v)) = <p m (*to(i;)) Vu E XNO{e) 10 . (6.22) 
Take < ei < e 2 ^ e such that 
R l0 := H°(B)( ei ) 70 ©H-(£)( ei ) 70 © (H+(5) 7o n XiV0( ei ) 7o ) c XiV0(e) 7o , 

^ m (H+(s) 70 nxivo( ei ) 70 ) c H + (B) 7 ™nx^ m (0)( e2 ) 7r , 

A,™ := (^ m (H°(i?)( ei ) 7 J©^ m (H-(i?)(e 1 ) 7 J©(H + (5) 7 . r nXiV^ m (0)( e2 ) 7 ™) 
E XN<p m {0)(y/me) lg >. 
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Set R = S 1 ■ R l0 and R = S 1 • i? 7 ™ . By (I6.22P we have the commutative diagrams 

R — C XiVO(e) 



and thus 



H,((F X o <B) C n K, (_F X o *) c n (fl \ 0);K) -i ► H, ((■7 rX )c n (.F X ) C n (*(fl) \ G);K) 

fl» o *) m 2 c n H, o *) m 2 c n (H\ »> m (0));K) < ^ ) '' ) H, ((T x ) m 2 c n*(fl), (^ X ) m 2 c n (5(H) \ <?„,(©)); I 



Now o = (3 + a, J- x o ^ = /3 + a, and 'I'*, are isomorphisms. IjBy the 
assumptions that m~(0) = m~(cp m (0)) and m (O) = m (ip m (O)), R is an open 
neighborhood of <p m (0) in XNcp m (0)(^/me). Take Vj. = and F m = in 

Proposition 16.61 We get that Proposition 16.61 is equivalent to 

Claim 6.7 (p m induces isomorphisms 

H, ((J3 + a)c nR,0 + a) c n (R \ O); K) -+ H, (0 + &) m 2 c nR,0 + a) m 2 c n (R \ <p m (0))\ K). 
Since the deformation retracts 

h°(s) e h~(b) e (h+(B) n xivo) x [o, 1] -»• h ^) © h _ (5) © (h+(5) n xivo) 

(x, u + v ~ + i y (x, v + v~ + 
H ( J B)©H-( J B)©(H+( J B)nXiV^ m (O)) x [0,1] 

-> H°(fl)©H-(S)©(H+(5) n XiV> m (0)) 
(x, v° + v~ + v + ) i — y (x, v° + v~ + tv + ) 

commute with ip m , Claim [6771 is equivalent to 

Claim 6.8 (p m induces isomorphisms from 

tf*((/3 + a) c nn,(/3 + a) c n(D\e>);K) to 

H* {0 + a) m 2 c n <p m {U), + o) m 2 c n ((<pm(p) \ ip m (0));K) . 

Here □ = H°(.B)(ei) © H"(S)(ei). 

Since (/3 m , : □ — )■ <^ m (D) is a linear diffeomorphism and 

+ a)(^ m (O) = m 2 ((3 + a)(O V£ G □ 

because of (|6.20p and (|6.2ip . Claim [6781 follows immediately. Theorem 16.11 is proved. 
□ 



J It is where the assumptions are used. 
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6.2 Proof of Theorem [6731 

Step 1. Proving the first equality in (16. ip . Since m (O) = m o (c/? m (0)), <^ m restricts 
to a linear homeomorphism 

for any x £ O. By (|6.19|) it also restricts to homeomorphism 

(C° Ax ) c nU°(B)(e/V^) x -> (4".W c nH°(B)(i m , (6.23) 

which induces isomorphisms 

iT* ((£^) c n H°(S)(e/V^)x, (C° Ax ) c n S°(B)(e/y/m) x \ {0}; K) 
-> H* ((£^ m ) m2c n H°(S)(e) a;m , (£^ m ) m2c n H°( J B)( e ) a;m \ {0}; k) . 

In particular the first equality in ()6.ip holds true. 

Step 2. Proving (gTgp . Write x = 70 . Recall that S* 1 = R/Z = {[s] | [s] = s + Z, s 6 
M}. Since is a finite cyclic subgroup of S , we may assume S x = {[j/l] \j = 
0, • • • , J - 1} for some I G N. Then S x m = = 0, ■ ■ ■ , ml - 1}. Clearly, 

^md 1 /^ -0 = [^|] • £m(0- Obverse that t) x (resp. rj x .m) is (resp. S^m) equivari- 
ant. From (|6.18p and (16. 19h we derive that the homeomorphism in (16. 23ft induces a 
homeomorphism 

(£ Ax ) c nH°(B)(e/Vm-) x /S x -> (i^j^nH ^)^^ 

and therefore isomorphisms 

H* {(C° Ax ) c n J3?(B)(e/y/m) x /Sl, ((£aJc n H°(i?)(e/^) x . \ {0}) /s£; K) 
-> F* ((^ m ) m2c nH°(J5)(e) xm /^, ((l Axm ) m 2 c nH°{B){e) xm \ {0})/S^ 5 k) . 

As in the arguments below (j5.24|) . this may induce isomorphisms 

ff*((£ A J c n H°(B)(e/v^)*, (^aJc n H°( J B)(e/V^). \ {0}; K) s * 
-»• F*((£^ m ) m 2 c n H^SXe)*™, (£^ m ) m2c n H°(£)( e ) x « \ {0}; K) s ^ 

if the characteristic of K is zero or prime to orders of S^ Q and S^m , and hence (|6.2p . 

Step 3. Proving the second equality in (16. ID . Let m~ = m~{0) = m~(ip m ((D)). Recall 
that »7%^m is the restriction of T^™ to N(tp m (0))(y/mS)jm n T^mX. According to the 
illustrations above Theorem II . 101 we define 

mjC 7 m = C ° EXP U(^ m (0))(5) 7 m , = £ ° EXP| Ar(( ^ m(C , ))((5)7 „ inr7 „ A . 

and m £^ 7Qm : H°( m B)(e) 7 m -»• R by 

m £^ m («) = £ o EXP,™ (t, + m h 7 ™ (t,)) . 
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Then the functionals and m J : *m, satisfy Theorem I A. II and Theorem IA.5I around 

= 7 ™ , respectively. Applying Corollary IA.6I to m J 7 ^ and T?jm gives 

C q - m ~ ( m ^A 7o - , 0; K) = C q ( m T^ , 0; K) and 
C q - m - (£a 7 ™ > 0; K ) = C q (P*rn , 0; K) 

for any g£NU {0}. So it suffices to prove that 

C* Crf™ , 0; K) = C* , 0; K). (6.24) 

Since C*( m J^,0;lC) = C^(£\s,^ K ) and C*(J^,0;K) = C*(£|g, 7™; K), where 

s = EXP| JV(0m(o))(5 ) 7om (iV(^ m (0))(V^) 7 ™ n T 7 m*), 

S = Exp l^ m( o))(^) 7om (^(OJJCvMtS- n T 7 ™*) 

are two at least C fc_1 submanifolds of codimension one in X and both are transversely 
intersecting at 7™ with 5 1 • 7™ = ip rn (0), we only need to prove that 

C,(£| s ,7o m ;^) = C*(£|g,7 m ;K). (6.25) 

Note that the S 1 -action on X is C 1 . We get a C 1 map 

T: S 1 x S -»• A', ([s],x) 4 [*] • x. 

Since 5 is transversal to tp m (0) at 7Q 1 , the differential tZXQO]^™) is an isomorphism. 
So there exists a neighborhood N^™) of 7™ in S and < r <C 1/2 such that T 
is a diffeomorphism from {[s] | s G (— r, r)} x N^™) onto a neighborhood of 7Q 1 in 
A\ Because S is transversal to (p m (0) at 7™ as well T~ 1 (S) is a submanifold in 
{[s] I s G (— r, r)} x A/"(7q 1 ) which is transversal to {[s] | s G (— r, r)} x {7™}. It follows 
that there exists a C 1 -map (3 : Nfa™) — > {[s] \ s G (— r, r)} such that the graph Gr(<5) 
is a neighborhood of 7™ = ([0], 7™) in X -1 (S) by shrinking {[s] \ s G (— r, r)} x N(^™) 
if necessary. This implies that the composition 

8 :JV(7o*) 3i4 (6(x),x) G Gr(6) A * 

is a C 1 diffeomorphism from A/"(7q 1 ) onto a neighborhood W(7q 1 ) of 7Q 1 in S. Clearly, 
9(7^) = 7J 1 and £|g(9(x)) = £([6(x)] • s) = £(x) = £| s (z) for any z G AA( 7 ^). 
Hence induces an isomorphism from C*(£|s, 7™; IK) to C(jCL, 7™; K). This proves 
(|6.25p . and hence (|6.24|) and the second equality in (|6.1|) . 

Step 4. Proving (|53]> . Recall that S^™ = {[^] | j = 0, ■ • • , mZ - 1} for some Z G N. 
It is easily checked that S^m acts on 

N{(p m {0)){5)^ n TjTnX (resp. iV(^ m (0))(v / ^<5) 76 - D T^mX) 

and therefore on S (resp. S). We shrink the above r > so that r < 4—7. Take a 
S;|,m -invariant open neighborhood AA(7™)* of 7™ in S such that A/"(7™)* C AA(7™). 
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Given axe Nij™)*, by the construction of G we have G(x) = [&(x)] ■ x and 

= |s([ -l].x)-e(x) + ; l].e(x). 

Note that ©([7777] • x) and — &(x) belong to (— r, r), and that < r < We 
deduce that ©([7777] ■ x) — ©(x) + sits in (—7777, 7777)- Moreover, it is also one of 
the numbers 7^7, j = 0, 1, • • • ,ml — 1. Hence ©([7777] ■ x) — &(x) + ^ = ^ or 0. If 
x 7^ 7™ the second case cannot occur because G is a diffeomorphism. This shows 
that ©( [7777] • x) = [—j] ■ Q(x) for any x G A/"(7™)*- Namely, G is an equivariant 
diffeomorphism from N^™)* to some S^m -invariant open neighborhood of 7™ in S. 
It follows that there exist S^m -invariant open neighborhoods of 7Q 1 in S and S, U and 
U, such that 



H, ((£|s) c n U/Sfa; (£|s)c n (£7 \ {l^}) / S 1 ^] 
= H, ((£|g)c n J7/5^.; (£| s ) c D (17 \ {70™})/^ 

This implies that there exist S^m -invariant open neighborhoods V and V of in 
N(<p m (0))(5)jm n T-yrnX and iV(^ m (0))(- v /m5) 7 m n T^X respectively, such that 

H* (C^)c n ; ( m ^) c n (y \ { 7o m })/^ ; k) 

= H^(^) c nV/S^(f^) c n(V\{^})/S}^;K). (6.26) 

For the field K of characteristic zero or prime to order of <S*m , as in the proof of the 
equality above (|5.25p using Theorem IA.5I (for m J 7 *m, and F^m, ) we can deduce that 

H q (CT%)c n V/Sfa FF%) e n (V \ { 7 o m })/S; m ;K) (6.27) 
= [H m -(U-rB) lir ,U-rB) lir \{0hK)^C^ m -(Cl lir 0;K)j 

H, ((J^) c n V/S 1 ^- (Jf0c n (V \ {^})/S^;K) (6.28) 



H m - (H-(B) 7 »,H-(5) 7 «. \ {0}; K) ® C ? _ m - (£^,0; K) 



for each g = 0, 1, • • • . Obverse that H ( m i?) 7 m and H (-B) 7o n are orthogonal com- 
plementary of 7^M in H~(ci 2 £| A '(7™)) C T 7 m-Y with respect to the inner product 
(•, -)i and (•, -) m in (|5.3p . respectively. Moreover, we have an equivalent inner product 
homotopy from (•, - )i to (■, -) m given by 

(( )I? ) (1 . T)+Tm = (l-r + rm 2 ) / (£(t), v (t))dt + [ (V^i), V* V (t))dt, 

Jo Jo 
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where r G [0, 1]. Hence a generator of the S^m-action on H ^B)^™ reverses orienta- 
tion if and only if its action on H _ (£>) 7 ™ reverses orientation. This and (|6,26p - (|6.28p 
imply 

a( m £^,0;K) /S V = C*(^ Tom ,0;K) /S V. 
(|6.3p follows from this and (|6.2|) . Theorem 16.31 is proved. □ 

7 Computations of S^-critical groups 

Let r be a subgroup of S 1 and let A C AM be a T-invariant subset. We denote by 
A/T the quotient space of A with respect to the action of V. Rademacher |42t §6.1] 
defined S 1 - critical group of 70 by 

C*(£, 7o ;K) =H. ((A( 7 o) U 5 1 • 7o )/5 1 , A( 7 o)/5 1 ; K) , 

which is important in studies of closed geodesies. It was proved in [2j (3.10)] that the 
groups C*(£,7o;]K) and C*(£,7o;K) := (A (70) U {70}, A(7o); K) have relations 

C*(£,7o;K) = C*(£,7 ;K) S V (7.1) 

Let us outline a proof of it with our previous methods. For a small e > let 

H 2 e = U G B 2e (T 70 AM) I ( 7o , Oo = 0}. 

By Lemma 2.2.8 of |27] the set £ 2e = EXP(# 2e ) = {exp 7o (£) | f G # 2e } is a slice of the 
^-action on AM. This means: (i) [s] ■ S 2e = S 2e V[s] G S" 7o , (ii) if ([s] • £ 2e ) n S 2e / 
then [s] G 5 7o , (iii) 3 < v < 1 such that (-v,v) x S 2e 3 (s,x) H> [s] • x G AM is 
a homeomorphism onto an open neighborhood of 70 in AM. The latter implies that 
S 2e /S' 70 B ■ x ^ S 1 ■ x £ AM/5 1 is a homeomorphism onto (5 1 • T, 2t )/S 1 which 
is an open neighborhood of the equivalence class of 70 in AM/5 1 . It follows that 

a(£ )70 ;K) = ^((A(7o)nS 2e U{7o})/5 1 ,A(7o)nS 2e /5 1 ;K) 

= ^(£ c nSl/5 1 ,£ c nS;\{7o}/5 1 ;lIC), (7.2) 

where S e = EXP(ff e ) is the closure of S e . Since £ e /S 7o is a complete metric space, 
using the stability of critical groups of isolated critical point for continuous functional 
on metric spaces in |2H Th.5.2] or [19\ Th.1.5] we may prove that 

H* (Cc n Sl/5 70 , C c n W e \ { 70 }/S 70 ; K) 

= F*((r) c ns;/5 70 ,(r) c ns;\{7o}/«s 70 ;K). (7.3) 

Let 2e be less than g in (fTTTl) . Using the chart in (fTTT2|) we write £* := £* o EXP. 
Then £* |^ = C* \ ^ o EXP|^ and 

ff, ((£* ) c n TT t /S} l0 , (£*) c n El \ {70}/^ ; K) 
= ^((r| S7 ) c /4 0> n S7 ) c \{7o}/5 , i;K). (7.4) 
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Define a family of inner products on T 7o AM by 

(S,v)r = I (t;(t),r)(t))dt + T f (V*m,^v(t))dt, r G [0,1]. 
Jo Jo 

Note that 70 is at least C 2 in our case. Denote by (70)^ the orthogonal complementary 
of 70M with respect to the inner product (•, -) T . Then (70)1" = NO l0 and 

(70)0 = U G T 10 AM I (70, Oo = 0} and hence H 2e = B 2e (T 70 AM) n ( 7o >^. 
For each r G [0, 1] there exists an obvious S^-equivariant linear diffeomorphism 

K ■ (70)0 -> (7o)r , £ ^ £ - (C,7o)r7o- 

And |/ir(0li < (! + l7oli) 2 |Cli V£ G (70)0 ■ So we can take < P < e such that 
MO G B 2e (T 70 AM) for all £ G B 2p (T 7o AM). Let flj e = B 2e (T 7o AM) n (70)^ and 
consider the pullback ) for r G [0, 1]. They are well-defined on H 2p = R 2 p 

and have an isolated critical point 70 . As above using the stability of critical groups 
for continuous functionals on metric spaces in |2 1 1. Th.5.2] or |19^ Th.1.5] we derive 

H* ( (S* \h;) c /S x 10 , (S* |^) c \ { 70 }/S 70 ; K) 
= H^hlS^jS 1 ^ (^£*|^) c \ {<*>}/ S^K) 

= H. ((£*\NO(e) J0 ) C /Si , {£* \ NO( e )l0 )c \ bo}/S} to ; K) 

= ^((^) c /5 70) (^) c \{7o}/^ ;K) J (7.5) 

where the excision property of relative homology groups are used in the first, second 
and fourth equality and we may require that e is less than <5 in (13. 18h . By (]7.2p - (|7.5p 
we get 

C*(A7o;K) = F*((A(7 )nS 2e U{7o})/5'4,A(7o)nS 2e /54;K) 
= ^((^) c /5 70 ,(^) c \{7o}/^ 70 ;]K). 

As in the proofs (|5.24p and (|5.25p using this and Theorem ll.5f iii) we can derive 

Proposition 7.1 Let K be a field of characteristic or prime to order \Sl /Q \ of S* Q . 
Then 

C ? (A7o;K) 
= (# ro - (s i. 7o) (H-(£) 7o ,H-^ 

Let Sj denote the homeomorphism in the property (hi) of the slice above. Then 

C g (£, 7 o;K) = ff 9 (A(7o)U{7o},A(7 );K) 

= H q (lm(fi) n A( 7o ) U {70}, Im(S)) n A( 7o ); K) 

= H q ((-u,u) x (S 2e nA(7o)U{7o}),(-^^ x (£ 2e n A( 7o )); K) 

= F ? (S 2e nA(7o)U{7o},E 2e nA(7o);K) 

= ^ g (s 2e n£ c ,s 2e n£ c \{7o};]K). (7.6) 
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As before using Theorem 13 .3|. the excision and Corollary IA.6I we can prove 

(USD = H q (c c nW t ,c c riW t \{ l0 };K) 

= H q ((£*) c nW e ,(C*) c nW e \{j Q };K) 

= ff ? ((r| H7 ) c ,(r| B7 ) c \{ 7 o};K) 

= ^((^*|iVO(e) 70 )c, (£*|jVO(e) 7() )e \ {7o}; 

= F ? ((^) C ,(^) C \{ 70 };K) 

= Hm-is 1 •7o)( H ~(- B )7o' H_ ( 5 )7o \ {0}^) ® C ? _ m -( S i. 7o )(£^ 7o ,0;lK). 
Hence we arrive at 

C g (£, 70 ;IK) 

= ^ m - (5 i. 7o) (H-(S) 70 ,H-(S) 7( A{0};K)®C 9 _ m - (51 . 70) (£^ 7o ,0;K). 
Then (|7.ip follows from this and Proposition 17.11 



8 Proof of Theorem 1.11 



Though there exist many repeats with the arguments in the references [3j [29l [301 Ell 
[32] we are also to give necessary proof details for the reader's conveniences. 

Firstly, the key Lemmas 1,2 in |25j also hold true for closed geodesies on (M,F) 
(cf. @21 §4.2, §7.1]), that is, 

Lemma 8.1 For a closed geodesic 7 on (M,F) one has: 

(a) Either m~('j k ) = for all k or there exist numbers a > 0, b > such that 

m~(-f k+ i) - m~(-y k ) > la - b for all k,l; 

(b) There are positive integers ki, ■ ■ ■ ,k s and sequence nji G N, i > 0, j = 1, • • • , s, 
such that the numbers rijikj are mutually distinct, nj\ = 1, {njikj} = N, and 
m Q {~j njlkj ) = m°(<y kj ). 

Lemma 8.2 ([31 Lem.l]) Let (X, A) be a pair of topological spaces and a a singular 
relative p-cycle of (X, A). Let £ denote the set of singular simplices of a together 
with all their faces. Suppose to every a G X, a : A g — > X, < q < p, there is assigned 
a map P(a) : A q x [0, 1] — > X such that 

(i) P(a)(z, 0) = a{z) for z G A 9 , 

(ii) P(a)(z,t) = a(z) ifo-(A*)cA, 

(iii) P(<r)(A« x {1}) c A, 

(iv) -P(cr) o (e'g x id) = P(a o e l q ) for < i < q. 

Then the homology class [a] G H p (X, A) vanishes. Here A q is the standard q-simplex 
and e q : A 9-1 — > A q denotes the standard linear map onto the i-th face of A q . 

Lemma 8.3 Let < a < 00 and < b < 00. Each (relative) singular homology class 
21 G i/*(£&,£ a ;Z) has a smooth relative cycle representative. 
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This can be proved by either finite-dimensional approximations of A or the axioms 
for homology theories of Eilenberg and Steenrod as done in [29J. 

For every integer q > let A q be the standard g-simplex, i.e., A q = (eo, ••• , e q ), 
where eo = and ei,--- ,e g is the standard basis of M. q . Replacing [31 Th.l] we 
need the following analogue of it, whose corresponding version in the content of the 
Lagrangian Conley conjecture was firstly proved by Y. Long [291 Prop. 5.1] for the 
finite energy homology on M = T n , and then by the author |311 Prop. 5.6] for the 
singular homology on closed manifolds. 

Proposition 8.4 Let C d = {C < d} for d > 0. Then for a piecewise C 1 -smooth 
q-simplex r] : (A q ,dA q ) — > (AM, C d ), there exists an integer m(rj) > such that for 
every integer m > m(rj), the q-simplex 

rj™ ee y m {rj) : (A*,0A«) -> (AM,C m 2 d ) 

is piecewise C 1 homotopic to a (piecewise C 1 ) singular q-simplex 

rj m : (A q ,dA q ) -> (£ m 2 d , £ m 2 d ) 

with n m = r] m on dA q and the homotopy fixes n m \g/\q. 

This can be proved by almost repeating the proof of |31|, Prop. 5. 6]. For complete- 
ness we shall outline its proof at the end of this section. 

Now we begin with proof of Theorem 11.111 By indirect arguments we make 

Assumption F: There is only a finite number of distinct closed geodesies. 

Then each critical orbit of C is isolated. Since < m°(5 1 -7) < 2n — 1 for 
each closed geodesic 7, from Theorem 11.71 it follows that if g (A(7) U S 1 • 7, A(7);K) = 
C q (C, S 1 -7; K) / 0and?n~(7) = imply q E [0,2n — 1]. Moreover, by the assumption 
there exist a closed geodesies 7 and an integer p > 2 such that m~( ; y k ) = and 
Hp(A(fy) U S 1 • 7,A(7);K) 7^ 0. Hence we can find an integer p > p and a closed 
geodesic 70 such that 

m-( 7 £) ee 0, F p (A( 7o ) U S 1 ■ 70, A( 7o );K) / 0, ] 
ff ? (A( 7 )uS 1 - 7l A(7);K)=0 Vg > p \ (8.1) 

for each closed geodesic 7 with m~(j k ) = 0. 

By Lemma f8.ir a) we can find A > such that every closed geodesies 7 with £(7) > A 
either satisfies m~(j) > p + 1 or m~{^f k ) = 0. From this, (]8.ip and Theorem 1.7 it 
follows that 

V(A(7)US 1 -7,A( 7 );I) = (8.2) 
for every closed geodesic 7 with £(7) > A. We conclude 

F p+1 (A,A( 7o m )u5 1 -7o m ;IK) = if£( 7o m )>A (8.3) 

Otherwise, take / 53 G H P+1 (A,A(^) U S 1 ■ 7^; K) and a singular cycle Z of 
(A, A(7q i ) U S 1 • 7q") which represents *B. Since the support of Z is compact we can 
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choose a large regular value b > £(7™) = m 2 £(7o) so that supp(Z) C £&. Clearly, Z 
cannot be homologous to zero in (£{,, A(7q 1 ) U 5 1 • 7™) (otherwise it is homologous 
to zero in (A, A( 7 ™) U S 1 ■ 7^).) Hence 

i7 p+1 (A,A(7o m )u5 1 -7o m ; K)^0. 

As showed in the proof of [3] Theorem 3] , under Assumption F the standard Morse 
theoretic arguments yield a closed geodesic 7' such that b > £(7') > £(7™) > A and 

i7 p+1 (A( 7 / )u5 1 -7 / , A( 7 / );K)/0. 

This contradicts to (|8.2|) . (|8.3|) is proved. 

Applying Lemma 18.1( b) to 70 we get integers fej > 2, i = 1, • • • , s, such that 

m °( 7o ) = m °( 7 J) VA; G N \ U| =1 ^N. (8.4) 

As stated at the end of the proof of [31 Theorem 3], using (|8.3p and the exact 
sequence for the triple (A, A(c m ) U S 1 • c m , A(c m )), 

^f/ p+ i(A(7 m )US 1 -7 m ,A(7 ( Y I );K)^H p+1 (A,A( 7o ™);IK)^H p+1 (A,A( 7o " 1 )U5 1 -7i n ;K) 
^H p (A(7 m )US 1 -7S\A(7o m );K)^H p (A,A(7-);K)^/f p (A,A(7 m )U5 1 -7 m ;K)^ 

we obtain that for each integer m with £(7™) > A, 

i, : # P (A( 7o m ) U S 1 ■ 7o m , A( 7o m ); K) -+ H p (A, A( 7o m ); K) 
is injective. This, (|8.4|) and Theorem 11.91 lead to the claim on page 385 of 
Claim 8.5 For any m G N \ U? =1 fcjN with £(7™) > A, the composition 
F p (A( 7o )u5 1 -7o,A(7o);IK) ^ H P (A( 7 ^)U S 1 A(^);K) ^ H P (A, A(^);K) 
is injective. 

Hence as in the proof of [3l Theorem 3] we shall be able to complete the proof of 
Theorem [LTT] provided that we may prove that the homomorphism tp m * induced by 

<p m : (A(to) U S 1 • 70, A(7o)) -> (A, A( 7o m )) 

between their singular homology groups maps some nonzero class £ G i? p (A(7o) U 
S 1 ■ 70, A(7o);K) to the zero in H P (A, A( 7o n ); K) for some m G N \ U| =1 ^N with 
£(7™) > ^- However, for such a nonzero class £ G if p (A(7o) U S 1 • 70, A(7o);K) it is 
impossible to find a piecewise C 1 relative cycle representative. Fortunately, for each 
£(70) < b < 00 we have the following commutative diagram 

(A( 70 ) U S 1 ■ 70, A( 70 )) — (A, A(% n )), 




(£ 6 ,A( 7o )) 
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where i denotes the inclusion and Cb = {£ < b} as before. So it suffices to prove 
<£ m *(i*(C)) vanishing in H p (C b , A(j^); K) for some m G N\U| =1 ^N with £(7™) > A. 

Since 70 is not a local minimum of the functional C, A(7o) 7^ and thus we can 
choose a path connected neighborhood U of S 1 • 70 such that each point of U can be 
connected to a point of U n A(7o) by a smooth path in (Indeed, let O = S 1 ■ 70 
and we may take U = M{0,e) = EXP (NO) as below (TLT21 . Then for x G O, 
X G -/V0(e) x is not a local minimum of the restriction of T = C o (EXP| jve>( £ )) to 
the fiber ^©(e)^. The desired claim follows from this and the convexity of NO{e) x 
immediately.) 

Let d = £(70), and fix a b > d. By Lemma 18.31 we may take a smooth relative 
cycle representative a of l*(£) G H p (C b , A(7 ); K) in (£;,, A(7 )). We can also require 
that the range (or carrier) of a is contained in the given neighborhood IA of 5 1 -70- 

Denote by £(cr) the set of all p-simplices of a together with all their faces contained 
in a. and by Sj(cr) = {fi G X(<r) | dim/i < j} for < j < p. (Recall p > p > 2). Let 
K = {k\, ■ ■ ■ , k s }, and so N\Uf =1 fcjN = N\NK. Let mo be the smallest integer such 
that £( 7o m ) > A. 

Proposition 8.6 There exists an integer m G N \ KN with m > tjiq such that 
for every [i G S(<t) wii/i /_i : A r — > A and < r < p, there exists a homotopy 
P(ip m (fi)) : A r x [0, 1] — > A such that the properties (i) to (iv) in Lemma tfTE hold for 
(X,A) = (A,A(^)). 

Hence v ? m*('-*( ( c)) vanishes in H p (A, A(7 rre ); K) by Lemma [8.2i This contradicts 
to Claim 18.51 and therefore the proof of Theorem 11.111 is completed once we prove 
Proposition 18.61 

As in the proof of |29} Prop. 5.2] we can use Proposition 18.41 Lemma 18.21 and [3 1 1. 
Lemma A. 4] to prove Proposition 18.61 as follows. 

Proof of Proposition 18.61 Now So(°") consists of finite points in U. For a given 
fi G So(<r), if 11 G Xo(ct) sits in A(7o)nZY we define the homotopy -P(/u) : A x [0, 1] — > U 
by P(fi)(0, t) = fi Vi G [0, 1] ; if /x G So(<r) is not in A(7o)nZ^ we fix a smooth homotopy 
P(fj>) : A x [0, 1] — > U given by a smooth path from fi to a point of A(7o) C\U. Since 
T,j(a m ) = ip m (Y,j(o-)) we define P(fi m ) = (p m o P{n) for each m G N. Clearly, these 
homotopies satisfy properties (i) to (iv) in Lemma [8^21 for (X, A) = (A, A(7 n )). We 
can choose m to be any integer m G N \ KN with m > mo . 

Fix an integer < r < p. Suppose that we have found an integer k G N \ KN 
with k > mo such that for every fj, G S r _i(o") there exists a piecewise C 1 homotopy 
P(ipk(fJ>)) '■ A r_1 x [0, 1] —7- A such that the properties (i) to (iv) in Lemma 18.21 
hold for (X,A) = (A,A(^)). For technical reasons we reparametrize each homotopy 
P((fk(fi)) so that 

P(¥>*(M))(-, t) = P(¥>*(aO)(-, 1/2) Vt G [1/2, 1]. (8.5) 

Let /I G E r ( ff ). If /u(A r ) C A( 7o ) we set P(^(m)) = ^fe ° P(m)- If Ai(A r ) ^ A( 7o ) 
(and so (^fc(^)(A r ') ^ A(7q)), the property (iv) shows that the piecewise C 1 maps 
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P(<fk ° A 4 ° e r)) < i < r, induce a piecewise C 1 map Q' : dA r x [0, 1] — > A such that 

Q'o(el xid) = P(ip k o fj,o4), i = 0,--- ,r. (8.6) 

For z G <9A r let z = e*(it), where u G A r_1 . (jg^]) - (jg^]l imply 

Q / (z,0) = Q / o( e ;x-id)(n,0) = P( ft o/jo4)( u ,0) 

= </3 fc o /io e* r (u,0) = o 
Q'(z,l/2)=P(^ fc o A to4)( u ,l/2) = P(<p k o^oel)(u,l) C A( 7o fc ). 

Since A is a smooth Hilbert manifold and A r x [0, 1] can retract to dA r x [0, 1] 
through a piece smooth strong retracting deformation we can take a piecewise C 1 
homotopy extension of the map Q' , Q : A r x [0, 1] — > A, such that Q(-, 0) = 0) = 
ifk ° ^- This leads to a piecewise C 1 singular r-simplex 

Q(-,l/2):(A^AH^(A,A( 7o fc )) 

because Q(z, 1/2) = Q'(z, 1/2) G A( 7 £) for all z G <9A r . By Proposition El there 
exists an integer m r (/i) > such that for each integer / > m r (//) there exists a 
piecewise C 1 -homotopy H : A r x [|, 1] — ► A such that 

F(-,l/2)= M oQ(,l/2), (8.7) 
ff(z,i) = W oQ(.,l/2)(z) Vz G dA r & s G [1/2,1], (8.8) 
tf(-,l):(A^A^(A( 7o fe ),A( 7o fc )). (8.9) 



Take I G N such that m := Ik £ N \ KN and that / > m r (/i) for all fi G S r (cr) with 
^(A r ) ^ A( 7 o). For such an integer m the piecewise C 1 homotopy associated with 
G T, r (a) can be defined as follows. 

• If dim/i < r, we define P(ip m ([i)) = cpi o P(ip k (fj,)). 

• If dim/i = r and /i(A r ) C A( 7 o) we set P(ip m (/j,))(z,t) := c/? m (/i)(z) for i G [0, 1]. 

• If dim/i = r and ^(A 1 *) ^ A( 7o ), let Q = Q(/-0 aR d = -#(/«) be the homotopies 
as above, and set 



P(<p m (p)){z,t) :-- 



<PioQ(fi)( z ,t) for0<t<i, 
H(n)(z,t) for|<i<l. 



By (|8.7|) - (|8.9|) it is easily checked that P satisfies the properties (i)-(iv) in Lemma 
for (X, A) := (A, A( 7 q 1 )). This completes the proof of Proposition 18.61 is proved. □ 

Proof of Proposition 18.41 Since A 9 and dA q are compact, 

&o(r}) := m&x{£(r](x)) \ x G dA q } and '■= max {C(r](x)) \ x G A 9 } 

are always finite. Following [29], for t, s G [0, 1] let e(t, s) = (t, ■ ■ ■ , t, s) G R q x [0, 1] 
and thus the barycenter of A 9 x {s} C x {s} is e(s) := e(l/(q + 1), s). Set 

A«(s) = e((l - s)/(g + 1), s) + (sA«) x {0} C A" x {s} 
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for s G [0,1]. (Clearly, A*(l) = A 9 x {1} and A 9 (0) = e(0).) Denote by L(s) 
the straight line passing through e(0, s) and e(s) successively in M 9 x {s}, that is, 
L(s) = {e(t, s) |t G R}. Then we have an orthogonal subspace decomposition R 9 x 
{s} = V^-i )S x L(s), and each u; G A 9 x {s} may be uniquely written as w = (d, r) G 
K?-l,s x L{s). For such aw = («,T) G A 9 (s) denote by l(v, s) the intersection segment 
of A 9 (s) with the straight line passing through w and parallel to L(s). Actually 
l(v, s) = {(v, e(t, s)) | a(v, s) <t < b(v, s)}, where a(v, s) and b(v, s) depend piecewise 
smoothly on (v,s). 

For w = (v,t) G A 9 (s) define a ^-parametrized curve 

% : l(v, s) — )• A, r 4 ??(?;, r) for (u, r) = to G [y g _i >s x L(s)] n A 9 (s), 

which is piecewise C 1 , and the corresponding initial value curves 

? ? ; ni : l(v,s) ->• M, r H> t/(u, t)(o(u, s)) 

for (f,r) = w; G [Vg_i )S x L(s)] n A 9 (s), which is also piecewise C 1 as showed in 
Appendix 2 of |31j . (This can also be derived from |43t Lemma 8.25] which claimed: 
A C^curve £ : [0, 1] -4 H l (S l ,M) considered as map [0, 1] x [0, 1] ->■ M by putting 
<£(s, t) = is a homotopy between the end points £(0),£(1) G H^S^M). 

Moreover, §f(s,t) is continuous vector field on M along (B). As in [29] using rf™ we 
define r/ m : A q — >• A by r} m {w) = (^r) v ) m (t), where (v, t) is the unique V q -i : i x L(l) 
decomposition of (to, 1) G A 9 (l) = A 9 x {1}. Then r/ m is piecewise C . Writing 
(w,s) G A 9 x [0,1] as (f,i, s) G [Vg_i )S x L(s)] x [0,1] we define a homotopy H : 
A 9 x [0, 1] ->■ A by 



H(w,s) 



7] m (w) if (to, s) G (A 9 x {s}) \ A 9 (s), 
if Ks) = KM) G A 9 (s). 



It is piecewise C 1 and satisfies H(w,0) = 7] m , H(w,l) = rj m and H(w,s) = r] m (w) 
for any (w, s) G <9A 9 x [0, 1]. Now for (w, s) G (A 9 x {s}) \ A 9 (s) it holds that 

£(H(w, s)) = m 2 C(ri(w)) < m 2 Ri(r]), 

and for (io, s) = (v,t,s) G A 9 (s) it follows from [3] (1)] that 

C(H(w,s)) = £((*%) m (t)) 

< (m + 2\l(v, s)|)((m - 1)k ( S %) + *i( S %) + 2« 3 ( ll »fc)) 

< {m + A)((m-l)Mv)+Mv)+ [ ' 4»7(M)(0) ^t) 

< (m + 4)((m- l)^o(r/) +^i(r/) +*f(Tj)). 



Here ^(77) := max{|V :r (7/(x)(0))| 2 | x G A 9 } < +oo because A'3i4 ?7(z)(0) G M 
is piecewise C . Proposition I8,4( iii)-(v) follows immediately. □ 
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Remark 8.7 Our proof method is slightly different from [3]. It is key for us that 
7o is not a local minimum of the functional C, which comes from (|8.1|) and thus 
our assumption that there exist a closed geodesies 7 and an integer p > 2 such that 
m-(7 fe ) = and H p (A^y) U S 1 ■ 7,A(7);K) / 0. According to [3 Theorem 3] one 
should make the following weaker: 

Assumption: There exist a closed geodesies 7 with m~( r y k ) = VA; such that 
H q (A('j) U S 1 • 7, A(7);K) / for some q G N U {0} and that 7 is not an absolute 
minimum of £ in its free homotopy class. 

Let us explain how such an assumption leads to the following sentence at the 
beginning of the proof of [21 Theorem 3, page 385] (in our notations): 

Sentence ([3j lines 5-6 on page 385]): Choosing a different 7, if necessary, we can find 
p£N such that H p (A(i) US 1 --/, A( 7 ); Z) / and H q (A((3) U S 1 • (3, A(/3); Z) = for 
every q > p and every closed geodesic (3 with m~((3 k ) = 0. 

In fact, by Theorem 11.81 the following case cannot occur: 

F (A( 7 )U5 1 -7, A( 7 );K) ^0 and H k (A(j) U S 1 • 7, A( 7 ); K) = VA; e N. 

Hence we may choose s £ N such that H s (A( r f) U 5 1 • 7, A(7);K) 7^ and 

J ff,(A( 7 )US 1 -7, A( 7 );K) =0Vg>s 

because the shifting theorem implies that H q (A(a) U S 1 • q, A(ck);K) = for all 
q £ [0, 2n — 1] for every closed geodesic a with m~(a) = 0. 

• If H q (A(f3) U 5 1 • f3, A(/3);K) = for every q > s and every closed geodesic (3 with 
rn -{f3 k ) = 0, then we may take p = s in the above Sentence. In this case the closed 
geodesic 7 is not a local minimum of C if s > 1 by Theorem ll.8( ii). If s = 1 then 7 
is a local minimum of C by Theorem II. 8( i). but is not an absolute minimum of C in 
the free homotopy class of 7 by the above Assumption. 

• If there must exist an integer I > s and a closed geodesic 7 with m _ (7 fc ) = such 
that _ff/(A(7) U S 1 ■ 7, A(7);]K) 7^ 0, it is easily seen that such a pair (7,7) can be 
chosen so that H q (A(j3) U S 1 ■ (3, A(/3);K) = for every integer q > / and for every 
closed geodesic (3 with m~(/3 k ) = 0. In this case 7 and p in the above Sentence can 
be chosen as 7 and /, respectively. Since p = I > 2 Theorem ll.8( ii) shows that 7 = 7 
is not a local minimum of C 

Summarizing the above arguments we equivalently expressed the above Assump- 
tion as follows: 

• either #i(A( 7 ) U S 1 ■ 7, A( 7 );K) / and H q {A{f3) U S 1 ■ /3, A(/9);K) = for 
every (7 > 1 and every closed geodesic /3 with m~(f3 k ) = 0, and 7 is not an absolute 
minimum of C in the free homotopy class of 7; 

• or 3p > 2 and a closed geodesic 7' such that H p (A(^/') U S 11 • 7', A(7 7 ); 1C) 7^ and 
that H q (A((3) L) S 1 ■ f3, A(/3);K) = for every q > p and every closed geodesic (3 with 
m~{(3 k ) = 0. (Hence 7' not a local minimum of C.) 

Hence the above Assumption may lead to the above Sentence. Comparing with 
the method by Bangert and Klingenberg [3] ours can only deal with the latter case. 
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A Appendix: The splitting theorems in |32L 
331 SI, 126] 



Let if be a Hilbert space with inner product (•, -)h and the induced norm || • ||, and 
let X be a Banach space with norm || • \\x, such that 

(S) X C H is dense in H and ||x|| < ||x||x Vx G X. 

For an open neighborhood U of the origin G H, write C/x = U H X as an open 
neighborhood of in X. Let C G C 1 (C7, K) have as an isolated critical point. 
Suppose that there exist maps A G C l {Ux,X) and i? G C(Ux, L S {H)) such that 



(These imply: (a) C\u x ^ C 2 (l7"x,M), (c) (i 2 £|j/ x (x)(u, t>) = (B(x)u,v)h for any 
x G £/jc and u, u G X, (c) B(x)(X) C X Vx G ?7x)- Furthermore we assume B to 
satisfy the following properties: 

(Bl) If u G H such that B(0)(u) = v for some v £ X, then u G X. Moreover, 
all eigenvectors of the operator B(0) that correspond to negative eigenvalues 
belong to X. 

(B2) The map B : Ux — > L S (H) has a decomposition B(x) = P(x) + Q(x) for 
each x G JTx", where P(x) : H — > H is a positive definitive linear operator and 
Q(x) : H — > H is a compact linear operator with the following properties: 

(i) For any sequence {xk} C Ux with ||xfe|| — )• it holds that \\P{xk)u — 
P(0)u\\ for any u £ H; 

(ii) The map Q : UnX — > L(H) is continuous at with respect to the topology 
induced from H on U D X; 

(iii) There exist positive constants r/Q > and Co > such that 



Let H , H° and H + be the negative definite, null and positive definite spaces of 
B(0). Then H = H~ © H° © By (Bl) and (B2) both H° and H~ are finite- 
dimensional subspaces contained in X. Denote by P* the orthogonal projections onto 
H*, * = +,-,0, and by X* = XnH* = P*(X), * = +,-. Then X+ is dense in H+, 
and (/ - P°)\ x = (P + + P~)\x ■ (X, || • \\x) -»• (X+ + X~, || • ||) is also continuous 
because all norms are equivalent on a linear space of finite dimension. These give 
the topological direct sum decomposition: X = H~ © H° © X + . m° = dim.H° and 
m~ = dimii - are called the nullity and the Morse index of critical point of C, 
respectively. The critical point is called nondegenerate if m° = 0. The following 
is, unless (iv), Theorem 1.1 of [32] , which is a special version of Theorem 2.1 in [34] , 



C'(x)(u) = (A(x),u)h Vx G Ux and u G X, 
(A'(x)(u), v)h = (B(x)u, v)h Vx G Ux and u, v G X. 



(A.l) 
(A.2) 



(P(x)u,u) > C ||n|| 2 Vu G H, Vx G X with ||x|| < tjq. 
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Theorem A.l Under the above assumptions (S) and (B1)-(B2), there exist a posi- 
tive number eSR, a C map h : B t (H°) -> X+ + X~ satisfying h(0) = and 

(I — P°)A(z + h(z)) = VzeB e {H°), 

an open neighborhood W of in H and an origin-preserving homeomorphism 

$ : B e {H°) x (B e (H + ) +B e (H~)) -> W 

of form $(z, u + + = z + + 4> z {u + + u~) with (p z (u + + u~) G i? 1 * 1 suc/i i/mi 

£o$(z,u + + n~) = ||u+|| 2 - \\u~f + C{z + h(z)) 

for all (z,u + +u~) G B e (#°) x (B t (H+) + B e (H~)), and that 

$ (B e (iJ°) x (B e (H + ) HX + B e (H-))) C X. 

Moreover, <£, /i and the function B e (H°) 3 z \— > C°{z) := C(z + h(z)) also satisfy: 

(i) For z G B e (F°) ; $(z,0) = z + /i(z), <^(u + + n") G iJ" i/ and only if u + = 0; 

(ii) h'(z) = -[(/- P°)A'(z + h{z))\ x ±]-\l - P°)A'(z + %))| H o Vz G B £ (F°); 

(iii) £° is C 2 , has an isolated critical point 0, d 2 C°(0) = and 

dC°(z )(z) = (A(z + h(z )),z) H Vz G B e (fl°), z G H°. 

(iv) $ is also a homeomorphism from B e (H°) x B e (H~) to $ (B e (H°) x B e (i?~)) 
even z/i/ie topology on the latter is taken as the induced one by X. (This implies 
that H and X induce the same topology in $ (B £ (H°) x B e (H~)).) 

Corollary A. 2 ( \32[ [34] ) (Shifting) Under the assumptions of Theorem \A.ll for 
any Abelian group K it holds that C q (C, 0; K) = C q _ m - 0; K) for each q = 0, 1, • • • . 

Theorem A. 3 ([34, Th.6.4]) Under the assumptions of Theorem \A.l[ suppose that 
H C H is a HUbert subspace whose orthogonal complementary in H is finite- dimensional 
and is contained in X . Then (C\jj,H,X) with X := X(~)H also satisfies the assump- 
tions of Theorem \A.l\ around the critical point G H. 

Theorem A. 4 ([34], Th.6.3]) Under the assumptions of Theorem \A.1\ let (H,X) 
be another pair of HUbert- Banach spaces satisfying (S), and let J : H — )■ H be a 
HUbert space isomorphism which can induce a Banach space isomorphism Jx '■ X — > 
X (this means that J(X) C X and J\x ■ X — >■ X is a Banach space isomorphism). 
Set U = J{U) (and hence U x := U n X = J(U X ) ) and Z : U -> R by Z = £ o J- 1 . 
Then (H,X,U,C) satisfies the assumptions of Theorem \A . II too. 

Let us give the following special case of the splitting lemma by Ming Jiang [26] 
(i.e. the case X = Y) with our above notations. 
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Theorem A. 5 ((26J Th.2.5]) Let the assumptions above (Bl) be satisfied when the 
neighborhood Ux therein is replaced by some ball B £ (X) C X. (These imply that the 
conditions (SP)E (FNl)-(FNS) in JMl Th.2.5]) hold in B e (X)). Suppose also that 
the first condition in (Bl) and the following condition are satisfied: 

(CP1) is either not in the spectrum o~(B(0)) or is an isolated point of a(B(0)). 
(This holds if (B2) is true by Proposition B.2 in \5<fl.) 

Then there exists a ball B$(X) C B e (X), an origin-preserving local homeomorphism 
(£> from B$(X) to an open neighborhood of in Ux and a C 1 map h : B$(H°) — > 
X + + X~ such that 

C\ x o <p(x) = -{B(0)x ± ,x ± ) H + £{h(z) + z) Vx G B S (X), (A.3) 

where z = P°(x) and x 1 - = (P + + P~~)(x). Moreover, the function B$(X) 3 z \— > 
C° x {z) := C{h(z) + z) has the same properties as C° in Theorem \A.l[ 

If X~ := X n H~ = H~ then -B(0)\ H - : H~ ->• H~ is positive definite and 
therefore (— B{fS)\ H -)% : H~ — > H~ is an isomorphism. It follows that 

^(B(0)P + x,P + x) = fe-^-B(0)\ H -)*p-x,2-?(-B(0)\ H -)*p-x) . 
Consider the Banach space isomorphism r : X — > X given by 

X = X- + X° + X + B x = x~ +x° + x + -»• 2~^(-B(0)\ H -)ix~ + x° + x + . 
Replaceing ip by <p o T" 1 and shrinking 5 > suitably, (IA.3P becomes 

C\ x ° f o r^ 1 ^) = -(B(0)x+,x + ) H - \\x-f + C(h(z) + z) Vx G B S (X), (A.4) 

where z = P°(x), x* = P*x, ★ = +,—, and ||x^|| 2 = (x~ ,x~)h- In some applications 
such a form of Theorem IA. 51 is more convenient. 

Clearly, the assumptions of Theorem IA.1I are stronger than those of Theorem IA.51 
Under the conditions of Theorem IA.1I these two theorems take the same maps h and 
hence C x and C° are same near G H°. 

Following the methods of proof in [15|, Th.5.1.17] we may obtain 

Corollary A. 6 (Shifting) Under the assumption of Theorem \A . 51 suppose that H~ C 
X and dim(H° + H~) < oo. Then C q (£\ Ux ,0;K) = C q _ m - (C° x , 0; K) for each q = 
0, 1, • • • , where m~ := dim H~ . 

By simple arguments as in the proofs of [34^ Th.6.3, Th.6.4] we may obtain the 
following corresponding results with Theorems IA.3| IA.41 

3 In the original Theorem 2.5 of [55] the density of X in H is not needed. 
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Theorem A. 7 Under the assumptions of Theorem \A.5\ suppose that H C H is 
a Hilbert subspace whose orthogonal complementary in H is finite- dimensional and 
is contained in X. Then (£\jj,H, X,A := Pg o A\ X ,B(-) := P^B(-)\jj), where 
X := XdH and Pjj is the orthogonal projection onto H , also satisfies the assumptions 
of Theorem \A.h\ 

Theorem A. 8 Under the assumptions of Theorem \A.ll let [H,X) be another pair 
of Hilbert- Banach spaces satisfying (S) ; and let J : H — >■ H be a Hilbert space 
isomorphism which can induce a Banach space isomorphism Jx '■ X — )■ X. Then 
(H,X,£ = Co J -1 ) satisfies the assumptions of Theorem ] A. 51 too. 

Under Corollaries IA.21 IA.6I it holds that for any q = 0, 1, • • • , 

C g (£,0;K) = C q _ m -(£°,0;K) = C q _ m -(£° x ,0;K) = C q (£ Ux ,0;K). (A.5) 

because £° and C° x are same near G ~Q§(X). Actually, a stronger result holds. 

Theorem A. 9 ( |34[, Cor. 2. 5]) Under the assumptions of Theorem \A.l\ let c = £(0). 
For any open neighborhood W of in U and a field F, write Wx = W (1 X as an 
open subset of X, then the inclusion 

(£ c nw X) £ c nw x \{0}) (£ c nw,£ c nw\{0}) (A.6) 

induces isomorphisms 

H* (£ c n W x ,£c n W x \ {0};F) S H* (£ c HW,£ c nW\ {0};F) . 

It is not hard to prove that the corresponding conclusion also holds true if we 
replace (£ c n W x , £ c D W x \ {0}) and (£ c C]W,£ c nW\ {0}) in (EOT) by 

(£ c n WxU{0},£ c rW x ) and (£ c n U {0}, £ c n w) 

respectively, where £ c = {£ < c}. 

B Appendix: Some related computations 

1. Computing the gradient V m £ (T m of £ (T m on H a m. We only consider the case 
a m = —1. From the following arguments ones easily see the case a m = 1. Since 
a m = — 1 we have 

= {(6, ••-,&)€ Wfe 2 I £i(t + 1) = -6(t), + 1) = &(*),V* 6K,j> 2}. 

For £ G B2 P (-ff CT m) we want to compute V m £ CT ™(£). Since £o-m is C 2 ~° on B2 P (-ff CT m ) 5 
by the continuality of V m £ CT m we may assume that £ is C 1 below. Write 

D v L am (t,£(t),i(t)) = («!(<),••• (B.l) 
= (^i(t),--- ,*£(*)). (B.2) 
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They satisfy similar equalities to (|5.37j) and (I5.38p . and hence 

gjf(i + 1) = -W\(t), X\{t + I) = -X\(t) VtGM, 
2jf(i + l) = + = 3Ej(*) Vt G K, i>2. 



Define 0™ 5 



by 



0?*(t) = / 2j|(s)cZs-J / 2jf(s)ds VtG 

JO 2 JO 

It is primitive function of the function and satisfies 

0y*(i + l) = -0?*(t) VtGM. 
For each j = 2, • • • , n, we define 



©7 5 (t) 



Qjf(r)dr 



ds, 



(B.3) 
(B.4) 



(B.5) 



(B.6) 



(B.7) 



which is a 1-periodic primitive function of the function 



s^2j|(s)-^ Qjj(r)dr. 



Obverse for 77 G fl^m that 



V3\(t)m(t)dt= I &f(ty n (t)dt = (&^, m ) am -m 2 I <8^(t) m (t)dt 



^(t^j^dt = I [935(0- / 93^ / <5f(t)tij(t)dt 



(&f, Vj ) am - m 2 £ <df(t) Vj (t)dt, j = 2, 



, 71. 



By this and ([BTT]) - ([B3]) we obtain 

n „i 



i=i 170 i=i - 70 

n „i 

= E/ [4(*)- m2 ®f W]%W^ + (0^,r ? ) crm . (B.8) 
j= i J o 

Since B 77 ^ E™=i/o[4^) " m 2 0j*(t)]rfe(t)d* 

is a bounded linear functional 
there exists a unique $ = ($\, ■ ■ ■ , 5n) G -£f<jm such that 

n „i 

E / - m 2 ®f(t)]ri j (t)dt = r?)^ Vt? G Hfjm . (B.9) 

This and (|BT8l> lead to 



v m £ CTm (£) = <s me + 3*- 



(B.10) 
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Moreover, (|B.9j) also implies 

f [^ 1 (t)-m 2 & r ^(t)]r ll (t)dt = m 2 [ (t)rn(t)dt + / fff (t)?h(t)rf* (B.H) 
for any W^' c 2 map 771 : R — >■ M n satisfying 771 (4 + 1) = — it G K, and 



m 2 0^(t)]r/ j (t)dt = m 2 ^ 1 ^(%(t)dt + ^ 1 ^(t)%(t)^ (B.12) 



1 2 

for any 1-periodic W, ' map r/j : M — ?■ M n , j = 2, • • • , n. 
The following lemma may be proved directly. 

Lemma B.l Let m be a positive integer, and let f G Lj- (M,M n ) be bounded. If f is 
1-periodic (resp. satisfies: = —f(t) "it) then the equation x" (t) — 

has a unique solution 

1 f°° 1 

which is 1-periodic (resp. satisfies: x{t + 1) = — x(t) it). 

From (|B~T]) - ([B~7l) . Lemma[Bj]and ([B3T]) - ([B~T2]) we derive that 

+ — T e m ( s -*)[X^(s) -m 2 0™ € (s)]ds (B.13) 

for j = 1, • • • , n. This and (jB.lOj) lead to 

1 f°° r i 

+ 2^/ em(s_t) [^a-(s,C(s),C(s))-m 2 0^( S )] da, (B.14) 

where by (JEU and (TB7TD © m « = (<3™ 5 , • • • , are given by 

<5 m «(i) = f D v L am (s,C(s),i(s))ds 
Jo 

- (J D v L am ( s ^(s),i(s))ds]di ag (l/2,t,--- ,t). (B.15) 

Clearly, when a rn = 1, i.e., m is even, the above proof shows that V m £ CT m(£) is 
still given by (iBTil) with 

<5 m Z(t)= [ D v L am (s,t(s),£(s))ds-t [ D v L am (s,t(s),£(s))ds. (B.16) 
Jo Jo 



79 



Obverse that (lETTSjl and (iRTHl) can be written as a united form: 



© m «(i) = - U D v L r7m (s,^s),i{s))ds) diag 

+ / D v L am (s,£(s),£(s))ds. 
Jo 

Since = H a we get 
Corollary B.2 The gradient of C a on B2p(-ff<r) is given by 
V£ CT (0(i) = V 1 £ (J (0(i) 



2ta m + It + 1 - a r 



- ,t, ■ ■ • ,t 

(B.17) 



+ 



1 
1 



ds 



D x L a (8,^s),i(8))-(S^(s)\ d8 + <8*(t), (B.18) 



where 

&^(t) 



D v L a (s,£(s),£(s))ds\ diag 
+ / D v L a (s,C(s),i(s))ds. 



2ta + 2t + 1 - a 



V " ! " 



(B.19) 



2. Computing V m £ ffm (£ m ) for £ m G <^ m (B 2p (F CT )) C B 2 ^ p (H am ). By (JEH) we 
may derive D v L a m(t,x,v) = mD v L a (mt, x,v/rn) and hence 

D v L am (t,C(t),i m (t)) = mD v L a {mt,Z(mt),i(mt)). 

By this, (|B.17p and changes of variables we obtain 

' 2ta m + It + 1 - a" 



e m z m (t) 



2ta m + 2t + l-a r 



D v L am (s,r(s),^ m y(s))ds) diag 

+ f D v L am {s,C(s),{Cy{s))ds 
Jo 

D v L a (s,£(s),£(s))ds\ diag 

it 

+ / D v L a (s,^s),i(s))ds. 
Jo 

Similarly, (|6.6p also leads to D x L a ™(t,x,v) = m D x L a {mt, x, v/m) and so 
D x L a m (t,C m (t), (£ m )•(*)) = ™ 2 A, M mt > £(mi) , £ (mi)) . 



V " > ^ 



(B.20) 
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Then using this and (iRTil) we deduce 

V m £ CT m(e m )(t) = 6 m?m (t) + 
1 



_ / e m(t-s) 
2m 



+ 



1 
2m 

1 
2m 

1 
2m 
1 
2 
1 



D m(s— t) 



-oo 
oo 



m{t~s) 



D x L am {s, C(s), (r )■(*)) " ™ 2 © me " l (s) 
m 2 D x L a (ms, £(ms), i(ms)) - m 2 & m ^ m (s) 



ds + 
ds 
ds 



_ / e m(s-t) 



m^.L^m^W^H) -m 2 m?m (s)j ds + © m?m (t) 



■mt—s 



mt 
mt 



D x L a (s,as),i(s))-& m ^(s/m) 



ds 



„s—mt 



D x L a { S ,H(s),as)) -<8 m Z m (s/m)} ds + & m ^\t). (B.21) 



Claim B.3 V m £ am (£ m ) = £ ma (V£ a (0) V£ G B 2p (H a ). 

Proof. For convenience let us write 

D x L a (s,as),^(s)) = (2Ji(s),--- Ms)), 
D v L a (s,^s),i(s))=Oi(s),--- Ms)) 

and Ij(t) th-j component of V m £ (T ™(£ m )(i) — (^ m(T (V£ -(^))(t), j = 1, • • • , re. Since 
both 2)j(s) and 3j(s) are 1-periodic for j = 2, • • • ,n. By (|B.19p we have 

&f(mt) = -mt J 3j(s)ds + J 3j(s)ds 

rm pmt 

= -tj 5j(s)ds + J^ 3j(s)ds = <5™t m (t) 
for j = 2, • • • ,n. Let [tp mcT (V £ a (£,))] j be the th-j component of y>ma(S £-a{€))- Then 



+ 



„mt—s 



„s—mt 



^( s )-ef(s) 



ds 



^) j (s)-&f(s) ds + &f(mt) 



for j = 2, • • • , n by (fBT8|) . It follows from these and ([BT2T]) that for 2 < j < n, 
lj(t) = 



1 

+ 2 
1 
2 
1 
2 



mt 

Tilt 



-OO 
OO 



mt 
mt 





2);00 




ds 


s-mt 


9iOO 


-^ m ( s /m) 


ds 


^mt—s 






ds 




^s—mt 


9i00 




ds - 


= 0. 
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For Ii, note that (1R201) and (|B7T9|) give 



<5p(mt) 



+ 



3i(s)ds 

mt 

3i(s)ds, 



2mta + 2mi + 1 — a 



o 



<9?*""(t) 



3i(s)ds 



2ta m + 2t + l-a r 



iiit 



3i(s)ds. 



(B.22) 



(B.23) 



• If a = 1 then the functions 2)i(s) and 3i(<s) are also 1-periodic and hence Ii = 
as before. 

• If a = -1 and m is odd then 2)i(s + 1) = -2)i(s) and 3i(s + 1) = -3i0). Note 
that f™3i{s)ds = f^3i{s)ds because J Q 2 3i(s)ds = 0. By (IFT22]) and (|B~23|) we get 



3i(s)<is 



and hence Ii = 0. 

• If a = — 1 and m is even then 2)i(s + 1) = — 2)i(s) and 3i(s + 1) = — 3i(s), and 

■l 



because J* m 3i(-s)ds = 0. Then 

1 



Ii(*) 



+ - 



+ 



ml 
mt 



mt—s 



„s—mt 



1 



~bi{s)ds 



(B.24) 



ds 



-oo 
oo 



2Ji(s) - "(s/m) ds + '"(t) 



„mt—s 



mt 
mt 



2)i( S )-<5*( 5 ) 



ds 



„s— mt 



-oo 
oo 



„mt— s 



mt 
mt 



„s—mt 



2)i(s) - ds-0^(mi) 
©} 5 (s)-0^ m (s/"i)l ^ 
0} e ( S )-0^ m ( S /m) 



because of (fBT24|) . 



□ 
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